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Abstract
Modern growth theory is deeply rooted in the neoclassical production function and in
the households optimizing behaviour assumption. In those models, capital accumulation
is mainly driven by the saving rate, neglecting any role of demand-side factors. This is
the prevailing approach to explain long-run growth. We believe though that an exhaustive and persuasive theory of growth and development must reconcile both supply-side
and demand-side factors, also because economic theory already reckons on demand theory for short-run previsions while it neglects any part of it in the long-run analysis.
Development theory exploits two aspects of the economic process, growth and innovation or technical progress. Also heterodox theories, therefore, have explanations for both
of them.
We are going to present several Kaleckian and Post-Keynesian approaches in this respect, together with some classical and Marxian perspectives and other heterodox contributions on the R&D processes as well.
Summing up we will underline common features among models and make comparisons
to the mainstream theory of neoclassical growth.
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CHAPTER 1 — Growth and innovation in Post-Keynesians
1.1 Introduction
Modern growth theory is deeply rooted in the neoclassical production function and in
the households optimizing behaviour assumption. In this regard the cornerstones are, respectively, the Solow-Swan model and the Ramsey-Cass-Koopmans model. In those
models, capital accumulation is mainly driven by the saving rate, neglecting any role of
demand-side factors. This is the prevailing approach to explain long-run growth. We believe though that an exhaustive and persuasive theory of growth and development must
reconcile both supply-side and demand-side factors, also because economic theory already reckons on demand theory for short-run previsions while it neglects any part of it
in the long-run analysis.
Many other economists, in fact, tried to pursue another way to address the matter,
following more or less directly Keynes’ doctrine. This line of thought is indeed generally referred to as Post-Keynesian economics and is strongly based on a demand-side perspective. In order to investigate the demand-side determinants of growth, we shall attempt to review the related literature, highlighting the essential features of the theories
and stressing the motives that led to their formulation.
Development theory exploits two aspects of the economic process, growth and innovation or technical progress. Also heterodox theories, therefore, have explanations for
both of them. While the term “growth” is usually meant for describing the increase in
the national income as a whole, technical progress is more related to the structural
changes that lead to a rise in per capita productivity and, therefore, per capita income.
We are going to present several Kaleckian and Post-Keynesian approaches in this respect, together with some classical and Marxian perspectives and other heterodox contributions on the R&D processes as well.
Summing up we will underline common features among models and make comparisons to the mainstream theory of neoclassical growth.
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1.2 Technical progress in the Post-Keynesians

Before digging into the several growth models in the post-keynesian literature, let us
see how technical progress has been addressed by post-keynesians.
The Dutch economist Petrus Johannes Verdoorn published an econometric paper
(Verdoorn, 1949) where he found a relationship between the growth rate of labour
productivity and the growth rate of output of the kind:
𝑔(𝑌) = 𝛼 + 𝛽𝑔𝑌
𝐿

(1.1)
where 𝑌 is the output-income of the economy and

𝑌
𝐿

is the ratio between the income

and the labour force (assumed to be fully employed).
This formulation tells that productivity growth (or income per capita growth) depends on the growth of output, something that quite amazed the scholars at that time,
who were strongly convinced that the main engine of growth was technical progress —
the rise in per capita productivity —, not the other way round. Such an empirical relationship has been called Verdoorn’s law.
In the aftermath of the General Theory, such a relation found even more support in
the idea that it is the investment the ultimate driver of income growth. Indeed, investment is not only a “component” of aggregate demand, but it is the mean of introducing
new techniques, machineries and modes of production, i.e. it is the carrier of innovation
and technical change. The more a country does invest, the more it is capitalized in real
terms, so the more labour is assisted by capital, and output per capita goes up.
These facts led Nikolas Kaldor (1957) to think that behind such an empirical relationship between productivity growth and output growth there should have been a more
complex theoretical ground relating indeed the degree of capitalization of an economy
to labour productivity. To Kaldor, the growth of capital intensity1 (capital deepening)
explains the growth in labour productivity. Thus, he introduced what is known as the
technical progress function:
𝑔(𝑌) = 𝐹 (𝑔(𝐾) )
𝐿

𝐿

(1.2)
where 𝐾 is the capital stock with 𝐹′(. ) > 0 and 𝐹′′(. ) < 0.
This relation just tells us that the more real capital empowers labour (the introduction
of new and more efficient machines, modernized equipment and so forth), the more
productivity grows. It is basically monotonically increasing with “diminishing returns”
on the capital deepening part.
For the capital intensity to increase, capital must grow faster than the labour force,
since: 𝑔(𝐾) = 𝑔𝐾 − 𝑔𝐿 . And given that 𝑔𝐾 = 𝐼/𝐾, it is all about the level of investment
𝐿

1

Meant as the ratio of capital to labour.
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for a given amount of capital stock. Again, it is investment that prompts both output
growth and productivity growth. A perspective where the entrepreneurs are the main actors of innovation, like Schumpeter’s creative destruction paradigm (1942).
In Kaldor’s model the appropriate level of investment can be addressed in two ways:
first assuming a constant level of the profit share (constant distribution), then by allowing investment to depend on the distribution so to find the appropriate profit share.
Let us begin with the first case. Assume that the investment depends on the profit
rate 𝑟, by definition:
𝑟=

Π
𝑌/𝐿
=𝜋
𝐾
𝐾/𝐿
(1.3)

where Π is the aggregate volume of profits and 𝜋 = Π/Y is the profit share.
As already mentioned, assume for the time being 𝜋 to be constant. In order for 𝑟 to
grow over time it must be:
𝑔𝑟 = 𝑔(𝑌) − 𝑔(𝐾) = 𝐹 (𝑔(𝐾) ) − 𝑔(𝐾)
𝐿

𝐿

𝐿

𝐿

(1.4)
To achieve the maximum profit rate attainable, capital intensity must grow until
𝑔𝑟 = 0, that is until:
𝐹 (𝑔(𝐾) ) = 𝑔(𝐾)
𝐿

𝐿

(1.5)
and 𝑔(𝐾) = 𝑔∗ (𝐾)
𝐿

𝐿

When the economy is in full employment, 𝐿 grows at a rate 𝑛 (𝑔𝐿 = 𝑛), and it is:
𝐼
= 𝑔 ∗ (𝐾 ) + 𝑛
𝐾
𝐿
(1.6)
𝐼 ∗ = 𝐾 [𝑔∗ (𝐾) + 𝑛]
𝐿

(1.7)
𝐼 ∗ being the level of investment that ensures the maximum profit rate to be realized.
When distribution is allowed to change, investment depends on the profit share:
𝐼 = 𝐼 ∗ (𝜋). By equating 𝐼 ∗ (𝜋) = 𝑆, where 𝑆 is the total volume of savings: 𝑆 = 𝑠𝑤 𝑊 +
𝑠𝜋 Π, where 𝑠𝑤 , 𝑠𝜋 ∈ (0,1) are the marginal propensities to save out of wages 𝑊 and out
of profits Π respectively, we divide through by 𝑌:
∗
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𝐼∗
= 𝑠𝑤 + (𝑠𝜋 − 𝑠𝑤 )𝜋
𝑌
(1.8)
from which we can derive the keynesian multiplier relation:
𝑌=

1
𝑠𝑤 + (𝑠𝜋 − 𝑠𝑤 )𝜋

𝐾 [𝑔∗ (𝐾) + 𝑛]
𝐿

(1.9)
under the hypothesis that
share 𝜋 ∗ :

𝑌
𝐾

𝑣̅ =

= 𝑣̅ is a constant2 we can derive the equilibrium profit

1
𝑠𝑤 + (𝑠𝜋 − 𝑠𝑤 )𝜋

(𝑔∗ (𝐾) + 𝑛)
𝐿

(1.10)

𝜋∗ =

(𝑔∗ (𝐾) + 𝑛) − 𝑠𝑤 𝑣̅
𝐿

𝑣̅ (𝑠𝜋 − 𝑠𝑤 )
(1.11)

in this framework, one may reach the desired profit share also by getting an appropriate price level. In fact, given that the wage share is 𝜔 = 1 − 𝜋 =

𝑤𝐿
𝑃𝑌

=

𝑤𝑙
𝑃

, where 𝑃 is

the price level, we may find:
𝑃=

𝑤𝑙
1 − 𝜋∗
(1.12)

where 𝑙 = 𝐿/𝑌.
To Kaldor, the action of aggregate demand brings the price level to equilibrium, for
any given nominal wage.
In this way Kaldor’s model can explain Verdoorn’s law and this is more apparent if
one reads it the other way round:
𝑔𝑌 =

1
𝛼
𝐹 (𝑔∗ (𝐾) ) −
𝛽
𝛽
𝐿
(1.13)

The growth of capital intensity makes productivity go up and attracts new investments as well, leading to a self-enforcing positive feedback on output growth.
This 𝑣̅ is the output-capital ratio, a measure that has been empirically shown to be quite constant over
the decades. Post-keynesian economists then usually assume such a ratio to be fixed a priori.
2
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The key feature of this model is that this kind of investment-induced growth process
is characterized by the requirement of a rising price level, in order to get the desired
flow of investments carrying technical progress.
So we have seen that for post-keynesians in general technical progress is very linked
to the investment rate of an economic system and to its degree of capitalization. Thus,
the most important variable to study to catch such a phenomenon is the level of investment in the long run, determined either by animal spirits or by government spending, as
in Keynes (1936), or by income distribution and a specific price level as in Kaldor.
Technical progress, furthermore, can bring about self-enforcing processes of growth
and innovation, as highlighted by the Verdoorn’s law.

1.3 The models of Post-Keynesian growth
Post-Keynesian or Structuralist theory is a very wide ensemble of doctrines, sometimes even in contrast with each other, they however have at least one thing in common:
their fundamental point of departure is the original work of John Maynard Keynes, especially the Treatise on Money (1930) and the General Theory (1936). Generally, the
main approaches are identified in the Kaldorian approach and the Harrod-Domar approach.

1.3.1 The model of Harrod-Domar
The Harrod-Domar approach (Harrod, 1939; Domar, 1946) focuses on the existence
and stability of a long-run equilibrium, due to an exogenous investment growth rate,
while the Kaldorian approach is based upon the distribution of income between wages
and profits and relies on the multiplier mechanism.
Cozzi (1972), plainly illustrates how Harrod modeled his theory of equilibrium
growth. The market equilibrium condition is the usual equality between savings and investment:
𝐼𝑡 = 𝑆𝑡
(1.14)
where savings are a fraction of the national income: 𝑆𝑡 = 𝑠𝑌𝑡 . The level of the demand, at any given time 𝑡, is represented by 𝑌𝑡 as well. Since it is assumed that the capital-output ratio 𝑣 is constant, capital stock at time 𝑡 (𝐾𝑡 ), which in equilibrium has to fit
to the demand level, is given by: 𝐾𝑡 = 𝑣𝑌𝑡 .
Then it is assumed that firms take investment decisions on the base of the accelerator principle,3 which gives:
∗
𝐼𝑡 = 𝑣(𝑌𝑡+1
− 𝑌𝑡 )

3

The accelerator principle (or effect) is the variation in the level of investment due to a change in the level of demand for final output.
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(1.15)
∗
where 𝑌𝑡+1
is the expected income level at time 𝑡 + 1.
For the equilibrium to take place, at time 𝑡 + 1 the level of demand must satisfy the
∗
entrepreneurs expectations, i.e. it must be: 𝑌𝑡+1
= 𝑌𝑡+1 . If one assumes the latter condition to hold, we can express:

𝐼𝑡 = 𝑣(𝑌𝑡+1 − 𝑌𝑡 )
(1.16)
𝑠𝑌𝑡 = 𝑣(𝑌𝑡+1 − 𝑌𝑡 )
(1.16’)
from which:
𝑌𝑡+1 − 𝑌𝑡 𝑠
=
𝑌𝑡
𝑣
(1.17)
𝑔𝑤 =

𝑠
𝑣

(1.17’)

which is the fundamental relation in the Harrod-Domar framework and expresses the
so called warranted rate of growth. It tells by how much demand must grow to guarantee that entrepreneurs expectations are met, so that the system grows in equilibrium. If
the economy happens to actually grow at this rate, the expectations are “warranted” by
the growth of effective demand.
Cozzi (1972) goes on presenting the formulation of Evsey Domar (1946) of the same
model.
Domar takes into account that investments have two important effects on the economic system: on the one hand, through the multiplier mechanism, they contribute to
the income determination, on the other hand, they improve the overall productive capacity.
From the theory of the Keynesian multiplier we know that:
∆𝑌 =

1
∆𝐼
𝑠
(1.18)

1
𝑌𝑡+1 − 𝑌𝑡 = (𝐼𝑡+1 − 𝐼𝑡 )
𝑠

(1.18’)
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1

Since 𝑣 represents the productivity of capital (output-capital ratio), let us assume that
1

new investments raise productive capacity by an amount of 𝑣. Indicating with 𝑃𝑡 the
productive capacity at time 𝑡, we have:
𝑃𝑡+1 − 𝑃𝑡 =

1
𝐼
𝑣 𝑡
(1.19)

Since in equilibrium the growth of the productive capacity must equate the growth of
effective demand: 𝑃𝑡+1 − 𝑃𝑡 = 𝑌𝑡+1 − 𝑌𝑡 , we can impose:
1
1
(𝐼𝑡+1 − 𝐼𝑡 ) = 𝐼𝑡
𝑠
𝑣
(1.20)
from which:
𝐼𝑡+1 − 𝐼𝑡 𝑠
=
𝐼𝑡
𝑣
(1.21)
i.e. the investment growth rate must equal the previously defined warranted rate of
growth, getting to the same conclusion as in Harrod (1939).
It is important to stress that the warranted rate of growth is that rate which maintains
equilibrium between demand and supply over time and that if the actual growth rate differed from 𝑔𝑤 the economy would move along an instability path. It would either fall
sooner or later in a deflationist spiral and depression if the economy grows slower than
𝑔𝑤 or end up with ever more insufficient capacity and inflation if it grows faster than
𝑔𝑤 . This is due to the fact that, in the first case, entrepreneurs will find themselves to
deal with a productive capacity in excess of what the actual demand requires, so they
will dismiss this excess over time; in the second case, they will end up with insufficient
capacity to produce what the market demand requests, so they will increase prices.
Nothing so far has been said about the path that potential output should follow. Potential output is given by the production attainable by employing all the workers available at a given point in time:
𝑌̅𝑡 = 𝑁𝑡 𝑙𝑡
(1.22)
where 𝑁𝑡 is the number of available workers and 𝑙𝑡 is the average productivity per
worker. Potential income thus grows at a rate:
𝑔𝑛 = 𝑛 + 𝜆
(1.23)
13

with 𝑛 and 𝜆 being the rate of growth of the labour force and of labour productivity,
respectively; they are considered exogenously given. This rate is called natural rate of
growth.
Only if it happens that 𝑔𝑤 = 𝑔𝑛 the economy grows both in equilibrium and in full
employment.
In the illustration of the model by Foley and Michl (2010), it is again stated that there
must exist a warranted rate of growth, such that with the given paramaters of the economy, such as the propensities to save and the productivity of capital, full capacity utilization is achieved. If 𝑔 is the exogenous rate of capital accumulation, 𝑢 is the rate of
1

capacity utilization between 0 and 1 (full capacity), 𝜌 the output-capital ratio (𝑣), 𝜔 the
wage share, 𝑠𝑤 and 𝑠𝑝 are worker’s and capitalist’s propensities to save out of incomes
𝜔𝑢𝜌 and (1 − 𝜔)𝑢𝜌 respectively, the equilibrium in terms of capital units is 𝑢𝜌 =
(1 − 𝑠𝑤 )𝜔𝑢𝜌 + (1 − 𝑠𝑝 )(1 − 𝜔)𝑢𝜌 + 𝑔, which becomes:
𝑢𝜌 =

𝑔
𝑔
=
𝑠𝑤 𝜔 + 𝑠𝑝 (1 − 𝜔) 𝑠
(1.24)

So the warranted rate of growth is: 𝑔𝑤 = 𝑠𝜌, (𝑢 = 1).
Then, this rate is confronted with the natural rate of growth of the (effective) labour
force: 𝑔𝑛 = 𝑛 + 𝛾, where 𝑛 is the labour supply growth rate and 𝛾 is the labour productivity growth rate.
The existence condition is not ensured, i.e. adjustment between 𝑔𝑤 and 𝑔𝑛 , since parameters 𝑠, 𝜌 are not necessarily linked to the natural rate ones. The stability issue, i.e.
whether there exists an adjustment process that equates the actual growth rate 𝑔 to the
warranted one, is very weak, because even if the equality held, every time 𝑔𝑤 differs
from 𝑔𝑛 the economy ends up either in depression (𝑔𝑤 > 𝑔𝑛 ) or in inflation (𝑔𝑤 < 𝑔𝑛 ).
In the first case, because 𝑔𝑤 is impossible to attain, in the second one, because the
economy would tend to grow faster than 𝑔𝑤 and over utilize capacity. The latter case is
more a tendency than a univocal consequence, in fact, if the actual 𝑔 were even equal to
𝑔𝑤 , the system would end up in a structural or Marxian unemployment situation.4
1.3.2 The Kaldorian approach
Some authors, like Kaldor and Pasinetti, tried to solve the existence condition issue
by focusing on the link between income distribution and growth. For example, when
𝑔𝑤 < 𝑔𝑛 , if 𝑠𝑝 >𝑠𝑤 , in presence of decreasing employment,5 the profit share would
weigh more so the overall 𝑠 would go up, increasing the warranted rate.
4

That is the case when one has decreasing employment due to the scarcity of capital. It occurs when the
labour force grows at a rate larger than the difference between the warranted rate and the growth rate of
labour productivity. For example, following Cozzi (1972), if 𝑔𝑤 = 4%, 𝑛 = 2%, 𝜆 = 3%, unemployment will raise by 1% per period.
5

See above.
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Nikolas Kaldor’s growth model starts by assuming full employment. He then distinguishes between two groups of income earners: wage-earners and profit-earners. The
latter are assumed to have a higher propensity to save, due to the fact that profits usually
are put to reserve by firms. So, Kaldor’s saving function is described by the following
equation:
𝑆 = 𝑠𝑤 𝑊 + 𝑠𝑝 𝑃
where W and P are wages and profits, respectively. The income of the economy is
𝑌 = 𝑊 + 𝑃 and in equilibrium, by equating savings and investment we get:
𝐼 = (𝑠𝑝 − 𝑠𝑤 )𝑃 + 𝑠𝑤 𝑌
(1.25)
rearranging and dividing by Y:
𝑃
1
𝐼
𝑠𝑤
=
−
𝑌 𝑠𝑝 − 𝑠𝑤 𝑌 𝑠𝑝 − 𝑠𝑤
(1.26)
To get the profit rate we just multiply by output-capital ratio, that is constant as a
stylized fact:
𝑃
1
𝐼
𝑠𝑤 𝑌
=
−
𝐾 𝑠𝑝 − 𝑠𝑤 𝐾 𝑠𝑝 − 𝑠𝑤 𝐾
(1.27)
𝐼

given all the assumptions made, it is clear that the rate of capital accumulation (𝐾) is
the main engine of growth of the profit rate and hence of the growth of output.
1.3.3 Pasinetti and Chiang’s developments
Of similar fashion is Pasinetti’s model of growth and distribution (1962), but now the
division is between classes not income groups: workers and capitalists. Both workers
and capitalists earn profits from capital ownership and they again have different propensities to save. In the dynamical equilibrium worker’s and capitalist’s capital must grow
at the steady-state rate. Furthermore, given that workers earn profits due to renting capital to capitalists, the profit rate and the interest rate are related; Pasinetti assumed they
are equal.
Pasinetti’s model has been revised and generalized by Chiang (1973), whose conclusions can be extended to Kaldor’s model as well. This model is also denominated
“threefold savings ratio model”. The formulation of the model is very similar to Pasinetti’s scheme with the saving functions:
𝑆𝑤 = 𝑠𝑤𝑤 𝑊 + 𝑠𝑝𝑤 𝑃𝑤
15

(1.28)
𝑆𝑐 = 𝑠𝑐 𝑃𝑐
(1.29)
and the constraints:
𝑠𝑤𝑤 𝑊 + 𝑠𝑝𝑤 𝑃𝑤 = 𝑔𝐾𝑤
𝑠𝑐 𝑃𝑐 = 𝑔𝐾𝑐
(1.30)
from which we can obtain the profit rate:
𝑟=

𝑃𝑐
𝑔
=
𝐾𝑐 𝑠𝑐
(1.31)

with the fundamental technological relationship between the profit rate and the capital-output ratio determined in equilibrium:
𝑔 − 𝑠𝑝𝑤 𝑟
1
≤𝑟+
𝑣
𝑠𝑤𝑤
(1.32)
which holds with strict equality in the event that the class of capitalists is not present
(they do not own capital at all, 𝐾𝑐 = 0). The capital-output ratio is 𝑣, while 𝑠𝑝𝑤 is the
propensity to save out of profits for the workers and 𝑠𝑤𝑤 is their propensity to save out
of wages, 𝑟 is the profit rate (interest rate), 𝑔 the growth rate of capital as usual. To have
a two-class equilibrium, the following further condition must hold:
𝑠𝑤𝑤
𝑔
< 𝑣∗ < 1
𝑠𝑐 + 𝑠𝑤𝑤 − 𝑠𝑝𝑤 𝑠𝑐
(1.33)
where 𝑠𝑐 is capitalist’s propensity to save. We can see the equilibrium graphically:
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Figure 1 - Steady state equilibrium and distribution in Chiang's model

Above the 45° line (OD), wages are positive, while along it they are null. The line
AD represents relation (3) with equality, so positive capital for the class of capitalists
lies below AD. The segment BC depicts the level of the profit rate when capitalists’
capital is positive. Steady-state solutions are possible only along AD or BC. When the
technological relation between 𝑣 and 𝑟 cuts either AD or BC there will be a long-run
equilibrium, however, if it happens that they meet either at point C or at point B, then
there will be a one-class equilibrium where only capitalists or workers earn income, respectively. Of course, a two-class equilibrium is feasible when the relation cuts the
segment BC excluding the extremes B and C.
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The rate of profit in Kaldor, determined by (1.27) is different from (1.32), since he
did not assumed different propensities to save out of profits, as Pasinetti and Chiang
did. However, Fazi and Salvadori (1981) showed that when the interest rate is lower
than the profit rate Kaldor’s model is consistent with the threefold saving ratio model by
Chiang, with a two-class economy.

1.4 The Kaleckian framework
1.4.1 The basic model
Kaleckian models rely on three basic relations, describing the behaviour of investments, savings and of the profit rate. We take reference on Skott (2010) and Lavoie
(2010):
𝐼
= 𝛼 + 𝛽𝑢 + 𝛾𝑟
𝐾
(1.34)
𝑆
= 𝑠(𝑚)𝑢/𝑣
𝐾
(1.35)
𝑟 = 𝑚𝑢/𝑣
(1.36)
where 𝑚 is the profit share of the economy, 𝑟 the profit rate, 𝛽 and 𝛾 two parmeters
of sensitivity with respect to changes in capacity utilization and in the profit rate respectively and 𝛼 stands for the “animal spirits”, all of them larger than zero.
In addition, equilibrium between (1.34) and (1.35) is required, 𝑚 = 𝑚
̅ (a mark-up
over a constant marginal cost, assumed equal to the average labour cost), and the capital
accumulation rate is defined by:
𝑔=

𝐼
−𝛿
𝐾
(1.37)

where 𝛿 is the depreciation rate of capital.
The propensity to save is usually assumed to be linear in the profit share: 𝑠(𝑚) =
𝑠𝑚.
𝐼

𝜕( )

By these equations, assuming that “Keynesian stability condition” holds ( 𝜕𝑢𝐾 <
𝑆
𝐾

𝜕( )
𝜕𝑢

), we obtain:
𝛼
𝑢∗ = 𝑠𝑚
𝑣 − 𝛽 − 𝛾𝑚/𝑣
(1.38)
𝛼𝑠𝑚/𝑣
𝑔∗ = 𝑠𝑚
𝑣 − 𝛽 − 𝛾𝑚/𝑣
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(1.39)
This kind of setting leads to what is called “stagnationist” or “wage-led” growth as:
𝜕𝑢∗ 𝜕𝑔∗
,
<0
𝜕𝑚 𝜕𝑚
Marglin and Badhuri (1991), suggested a slightly different investment function that
prevents stagnationist scenarios. They suggested to replace the profit rate with the profit
share in (4):
𝐼
= 𝛼 + 𝛽𝑢 + 𝛾𝑚
𝐾
(1.34’)
so that:

𝐼
𝜕( )
𝐾

𝜕𝑚

>

𝑆
𝜕( )
𝐾

𝜕𝑚

However, as Lavoie (2010) put it, (1.34’) does not make much sense if one thinks
why should entrepreneurs invest according to the profit share rather than the profit rate.
He suggests to solve the matter by supposing that investment depends on a normal profit rate 𝑟𝑛 , which would be the profit rate the entrepreneurs would expect under a normal
capacity utilization 𝑢𝑛 . In that way we may rewrite equations (1.34) and (1.36) to get:
𝑟𝑛
𝑟 = ( )𝑢
𝑢𝑛
(1.36’’)
𝐼
= 𝛼 + 𝛽𝑢 + 𝛾𝑟𝑛
𝐾
(1.34’’)
where 𝑟𝑛 = 𝑚𝑢𝑛 /𝑣.
By using (1.34’) we find:
𝑢∗ =

𝛼 + 𝛾𝑚
𝑚
𝑠 (𝑣) − 𝛽
(1.38’)

whereas by adopting (1.36’’) and (1.34’’):
𝑢∗ =

𝛼 + 𝛾𝑟𝑛
𝑟
𝑠 (𝑢𝑛 ) − 𝛽
𝑛

(1.38’’)
with the fundamental condition that 𝑢 > 0 (when the denominator is negative, 𝛼
must be a very large negative number, since 𝛾𝑚 is necessarily positive).
About the dynamics of the system, we need to introduce the expected rate of capacity
utilization 𝑢𝑒 (the one that would result when supply fully reacts to demand), so that the
investment relation becomes:
∗
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𝐼
= 𝛼 + 𝛽𝑢𝑒 + 𝛾𝑚
𝐾
(1.34’’’)
leaving the saving relation depending upon the realized rate of capacity utilization.
Thus, the short-period equilibrium rate of capacity utilization is:
𝛼 + 𝛾𝑚 + 𝛽𝑢𝑒
𝑢 =
𝑚
𝑠 (𝑣)
𝐾

(1.38’’’)
As mentioned above, if

𝐼
𝜕( )
𝐾

𝜕𝑢

<

𝑆
𝜕( )
𝐾

𝜕𝑢

, or when 𝛽 −

𝑠𝑚
𝑣

< 0, (“stability in dimension”)

(1.38’’’) will converge to (1.38’). Of course, instability occurs whenever that condition
does not hold.
𝐼

𝑆

In case of non market-clearing outcomes in the short run (𝐾 ≠ 𝐾), Bruno (1999) and
Badhuri (2006, 2008) showed it is possible to study the adjustment of profit margins
and capacity utilization to disequibria, by the following processes:
𝐼 𝑆
𝑢̇ = 𝜇 ( − ) , 𝜇 > 0
𝐾 𝐾
(1.40)
𝐼 𝑆
𝑚̇ = 𝜓 ( − )
𝐾 𝐾
(1.41)
The first one is a quantity adjustment mechanism, the latter is the price adjustment
mechanism.
We may have two hypotheses on the sign of 𝜓. If it is positive, the effect is called
“Cambrigde adjustment mechanism”, and is equivalent to the rise in profits due to inflation in Kaldor. If, instead, employment grows faster than capacity utilization and workers gain bargaining power, real wages rise so profit share falls, i.e. that is the case that
𝜓 < 0. This is called the “Radical case”.
The Cambridge adjustment process (𝜓 > 0) requires low sensitivity of investments
to changes in profit margins, i.e. 𝛾 −

𝑠𝑢
𝑣

< 0. The opposite is required in the Radical

case.

1.4.2 Technical progress in Kalecki
This formulation of Kaleckian theory has an autonomous component on the investment function, 𝛼, but it does not specify to what it is linked. Some authors, like Eckhard
Hein (2014), Gomulka, Ostaszewski and Davies (1990), tried to explicitly incorporate
the role of innovation and technical progess into Kalecki’s theory.
Hein (2014), endogenizes technical progress and productivity growth in his Kaleckian model based on Badhuri and Marglin (1991). The main goal of this model is to em20

phasize how technical progress reacts to changes in distribution. Here the profit share is
considered exogenous and given by institutional factors such as competition between
workers and firms in the labour market and the effects of its changes on aggregate demand, capital accumulation and productivity growth are analyzed. The effects of these
latter variables on the profit share are ignored.
This is an open-economy model and the author splits the analysis in three parts: first
he studies the effects of distributional changes in demand and capital accumulation, taking productivity growth as given. Then he focus on the impact on productivity growth
of demand, accumulation and distribution. In the third part, he integrates the two previous steps to address the overall role of distribution on long-run demand and supply factors.
Technical progress is Harrod-neutral,6 so labour productivity 𝑦 =
𝐾

𝑌
𝐿

increases. The

capital-potential output ratio, as usual, is constant: 𝑣 = 𝑌 𝑝 .
In the first part the equilibrium in the goods market is worked out. Saving must equal
net Investment plus net exports of goods and services:
𝑆 = 𝑝𝐼 + 𝑁𝑋 = 𝑝𝐼 + 𝑝𝑋 − 𝑒𝑝𝑓 𝑀
(1.42)
where 𝑝𝐼 is net investment, 𝑝𝑋 are exports and 𝑒𝑝𝑓 𝑀 are imports. Normalizing by
the nominal capital stock (𝑝𝐾) we obtain:
𝜎 =𝑔+𝑏
(1.43)
where 𝜎 = 𝑆/𝑝𝐾 is the saving rate, 𝑔 = 𝑝𝐼/𝑝𝐾 the accumulation rate and 𝑏 =
𝑁𝑋/𝑝𝐾 is the net export rate.
Again, saving is 𝑆 = 𝑠𝑤 𝑊 + 𝑠𝑝 𝑃 so:
𝜎=

𝑠𝑤 (𝑌 − 𝑃) + 𝑠𝑝 𝑃
𝑢
= [𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ]
𝑝𝐾
𝑣
(1.44)
0 ≤ 𝑠𝑤 < 𝑠𝑝 ≤ 1
𝑃

𝑃

where ℎ is the profit share ℎ = 𝑊+𝑃 = 𝑌 and 𝑢 the rate of capacity utilization 𝑢 =

𝑌/𝑌 𝑝 .
The investment function is as in Marglin and Badhuri (1991) (1.34) so it depends on
the animal spirits, on the rate of capacity utilization and on the profit rate, determined
by (1.36) the profit share, the rate of capacity utilization and the capital-potential output
ratio.
6

Or labour-augmenting. A technology is denominated as such whenever technical progress assists labour
productivity rather than capital productivity.
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Technical progress, in the guise of productivity growth rate (𝑦̂), is included in the accumulation function:
𝑔 = 𝛼 + 𝛽𝑢 + 𝜏ℎ + 𝜔𝑦̂
𝛽, 𝜏, 𝜔 > 0
(1.45)
The net export rate is determined by:
𝑏 = 𝜓𝑒 𝑟 (ℎ) − 𝜙𝑢
𝜓, 𝜙 > 0
(1.46)
where 𝑒 𝑟 is the real exchange rate which empirically resulted to be positive related to
the profit share:

𝑑𝑒 𝑟
𝑑ℎ

≥ 0. The net export rate is negatively related to the rate of capacity

utilization since if domestic demand grows faster than foreign demand the economy, ceteris paribus, will export less. The real exchange rate is defined by: 𝑒 𝑟 = 𝑒
is the nominal exchange rate and

𝑝𝑓
𝑝

𝑝𝑓
𝑝

, where 𝑒

is the ratio between foreign prices and domestic

prices. The stability of equilibrium requires:
𝜕𝜎 𝜕𝑔 𝜕𝑏
−
−
>0
𝜕𝑢 𝜕𝑢 𝜕𝑢
i.e.
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] − 𝛽 + 𝜙 > 0
𝑣
(1.47)
The responsivity of the saving rate to changes in utilization has to be greater than that
of the investment rate and the net export rate.
The equilibrium rates of capital accumulation and capacity utilization are:
𝛼 + 𝜏ℎ + 𝜔𝑦̂ + 𝜓𝑒 𝑟 (ℎ)
𝑢 =
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙
1
{[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 + 𝜙} (𝛼 + 𝜏ℎ + 𝜔𝑦̂) + 𝛽𝜓𝑒 𝑟 (ℎ)
∗
𝑔 =
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙
∗

(1.48)
these are the effects of changes in distribution on those rates:
𝑢
𝑑𝑒 𝑟
𝜏
−
(𝑠
−
𝑠
)
+
𝜓
𝑝
𝑤 𝑣
𝜕𝑢
𝑑ℎ
=
1
𝜕ℎ
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙
∗
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1
𝑢
𝑑𝑒 𝑟
𝜏
{[𝑠
+
(𝑠
−
𝑠
)ℎ]
+
𝜙}
−
𝛽(𝑠
−
𝑠
)
+
𝛽𝜓
𝑤
𝑝
𝑤
𝑝
𝑤 𝑣
𝜕𝑔
𝑣
𝑑ℎ
=
1
𝜕ℎ
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙
∗

(1.49)
The effect of a change in profit share on the rate of capacity utilization is not univocal. Investment and net exports have a positive impact through 𝜏 and 𝜓
𝑢

𝑑𝑒 𝑟
𝑑ℎ

, consump-

tion has a negative effect through −(𝑠𝑝 − 𝑠𝑤 ) 𝑣 .
Similar results are obtained for the investment rate, which is positively affected by
1

investment by 𝜏 {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 + 𝜙} and net exports by 𝛽𝜓
𝑢

𝑑𝑒 𝑟
𝑑ℎ

but negatively

affected by consumption through −𝛽(𝑠𝑝 − 𝑠𝑤 ) 𝑣 . If the overall effect of ℎ on 𝑢∗ and 𝑔∗
is positive, the economy is said to be profit-led, otherwise wage-led. Intermediate situations are not taken into account.
A wage-led regime is more likely to occur whenever the lower is 𝜏, the lower is 𝜙
and the higher is (𝑠𝑝 − 𝑠𝑤 ).
In the second part, productivity growth is treated as an endogenous variable and
made dependent on output growth (Verdoorn’s law), capital accumulation (Kaldor’s
technical progress function) and, interestingly, by a wage-push variable. This comes
from a suggestion prompted by Marx (1867) and Hicks (1932). The argument is that
when unemployment is low and real wages tend to rise, so that the profit share declines,
capitalists are incentivized to innovate to bring their profit share up again. This leads to
the following two alternative equations:
𝑦̂ = 𝜂 + 𝜌𝑢 − 𝜃ℎ
𝑦̂ = 𝜂 + 𝜀𝑔 − 𝜃ℎ
𝜂, 𝜌, 𝜀, 𝜃 > 0
(1.50)
The first one contains a Verdoorn-like case, the relation between productivity growth
and capacity utilization. The second equation reminds of Kaldor’s technical progress
function, where capital accumulation increases labour productivity growth rate.
The constant 𝜂 can be considered as a learning-by-doing effect parameter.
So, the overall effect of distribution on the productivity case is unique and negative:
𝜕𝑦̂
= −𝜃 < 0
𝜕ℎ
In the third part, the demand case and the productivity framework are put together.
The first thing to do is to find the long-run equilibrium for a given value of the profit
share. By the productivity equation we can determine a new equilibrium rate of utilization:
𝑢∗∗ =

𝛼 + (𝜏 − 𝜃𝜔)ℎ + 𝜓𝑒 𝑟 (ℎ) + 𝜔𝜂
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜔𝜌
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(1.51)
and the equilibrium productivity growth rate:
1
(𝜂 − 𝜃ℎ) {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] − 𝛽 + 𝜙} + 𝜌[𝛼 + 𝜏ℎ + 𝜓𝑒 𝑟 (ℎ)]
𝑣
𝑦̂ ∗ =
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜔𝜌
(1.52)
Substituting these two values in the equation for the investment rate, we get the overall long-run equilibrium rate of capital accumulation:
𝑔∗∗
𝛼 + (𝜏 − 𝜃𝜔)ℎ + 𝜓𝑒 𝑟 (ℎ) + 𝜔𝜂
= 𝛼 + 𝜏ℎ + 𝛽 {
}
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜔𝜌
1
(𝜂 − 𝜃ℎ) {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] − 𝛽 + 𝜙} + 𝜌[𝛼 + 𝜏ℎ + 𝜓𝑒 𝑟 (ℎ)]
𝑣
+𝜔{
}
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜔𝜌
(1.53)
Graphically, the equilibria are depicted in the following figures:

Figure 2
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Figure 3

Those results are obtained with an exogenous profit share ℎ̅.
For the equilibria to exist and be stable, the slope of the utilization and capital accumulation lines have to be larger than the one of the productivity line, so the following
conditions must be met:
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] − 𝛽 + 𝜙 − 𝜔𝜌 > 0
𝑣
1
(1 − 𝜔𝜖) {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] + 𝜙} − 𝛽 > 0
𝑣
Now, let us see the effects of a change in ℎ̅ on the equilibrium rates of utilization, accumulation and productivity growth.
𝑢
𝑑𝑒 𝑟
𝜏
−
𝜃𝜔
−
(𝑠
−
𝑠
)
+
𝜓
𝑝
𝑤 𝑣
𝜕𝑢
𝑑ℎ
=
1
𝜕ℎ
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜌𝜔
∗∗

(1.54)
𝜕𝑢∗

with respect to the case we have seen before ( 𝜕ℎ ), now there is a further negative effect via productivity growth (−𝜃𝜔).
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𝜕𝑔∗∗
𝜕ℎ

1
𝑢
𝑑𝑒 𝑟
(𝜏 − 𝜃𝜔) {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] + 𝜙} − (𝛽 + 𝜔𝜌)(𝑠𝑝 − 𝑠𝑤 ) + (𝛽 + 𝜔)𝜓
𝑣
𝑣
𝑑ℎ
=
1
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜌𝜔
(1.55)
again, the positive effects are via investments (𝜏) and net exports (𝜓
𝑢

tive effects act through consumption −(𝑠𝑝 − 𝑠𝑤 ) 𝑣 .
There are feedback effects as well, like the impact of 𝜏 and 𝜓

𝑑𝑒 𝑟
𝑑ℎ

𝑑𝑒 𝑟
𝑑ℎ

), the nega-

on aggregate de-

mand and productivity growth, affecting in turn investment. Consumption demand
causes the converse effects on demand and productivity, also here productivity growth
has a negative effect (−𝜃𝜔) on investment.
Of course, the overall effect of redistribution on these equilibrium values may be either profit-led or wage-led, according to the prevailing effects. Usually changes in the
profit share affect capacity utilization and the accumulation rate in the same way, and it
will be assumed so.
As far as productivity growth is concerned:
𝑢
𝑑𝑒 𝑟
1
𝜌
[𝜏
−
(𝑠
−
𝑠
)
+
𝜓
] − 𝜃 {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙}
𝑝
𝑤 𝑣
𝜕𝑦̂
𝑑ℎ
=
1
𝜕ℎ
[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙 − 𝜌𝜔
∗∗

(1.56)
𝑢

the term 𝜌 [𝜏 − (𝑠𝑝 − 𝑠𝑤 ) 𝑣 + 𝜓

𝑑𝑒 𝑟
𝑑ℎ

] is the goods market activity response, it is posi-

tive if the demand regime we analyzed in the first part is profit-led, negative if wage1

led. The term −𝜃 {[𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] 𝑣 − 𝛽 + 𝜙}, instead, is always negative because
of – 𝜃.7 Thus, it is only in a profit-led demand regime that the overall effect of redistribution on productivity growth may even be positive, while it will always be negative in
a wage-led regime.
So, in a wage-led demand case, a shift (e.g. from ℎ̅1 to ℎ̅2 ) in the profit share exogenous value have the same negative impact on both the demand and productivity, which
reinforce by feedback. So the overall outcome on both 𝑦̂ ∗∗ and 𝑔∗∗ is negative. See the
figure below:

1

We have seen from the stability condition in the goods market that [𝑠𝑤 + (𝑠𝑝 − 𝑠𝑤 )ℎ] − 𝛽 + 𝜙 must
𝑣
be positive.
7
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Figure 4 - The effect of a rise in the profit share in the wage-led scenario

The same shift in a profit-led regime has conflicting effects on capital accumulation
and productivity growth and the overall result depends on the strength of the partial effects. If the positive effect on the demand part is quite low but the negative impact on
the productivity framework is quite strong, then the long-run equilibrium rates are all
reduced (Figure 4). The opposite result is obtained otherwise (Figure 5). An intermediate case is possible (Figure 6).

Figure 5
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Figure 6

Figure 7

Hein (2014) argues that at an empirical level, mature capitalist economies (and some
emerging countries) tend to be wage-led demand-wise. When the effect of changes in
distribution on net exports is included, more mature economies tend to be less wage-led,
with some turning to a profit-led regime, mostly small countries. If this is true when redistribution occurs in single countries, when it takes place at an international level the
demand regime turns wage-led again, since the importance of net exports reduces.
The estimates about the productivity framework focus on the effects of aggregate
demand or capital accumulation on productivity growth (Verdoorn’s law) and some address also the impact of wage-push factors.
Studies on the Verdoorn’s law (McCombie et al., 2002) for over 80 years in Europe,
United Kingdom, United States and so on have shown its validity in most cases, indicat28

ing an increase in the growth of productivity of about 0.3-0.6 per cent for each one per
cent increase in demand or investment.
With respect to the effect of wages or distribution on productivity growth, Marquetti
(2004) found that real wages granger-cause labour productivity and not vice versa. The
effect of a one per cent rise in real wages is on average to increment productivity growth
by 0.3-0.4 per cent.
Some other authors (Hein and Tarassow, 2010) have tried to estimate the wage-push
effect embodied in the profit share for the period 1960-2007. As we have seen, a decrease in the profit share may prompt innovations due to the desire to increase profitability again. The results they found for US and UK are in contrast to those they obtained
for Europe. Expectedly, in UK and US an increase in the profit share by one per cent is
correlated with a decrease in productivity growth of 0.46 per cent in UK and 0.63 per
cent in US. For Continental Europe they divided their sample in two sub-periods since
they found structural breaks in the early 1980s. In the first sub-period, an increase in the
profit share makes productivity growth to rise, in contrast to the prediction of the theory. In the second sub-period, though, a rising profit share is associated with a decreasing
productivity growth, e.g. of 0.87 per cent in Germany, 0.68 per cent in Austria and 0.33
per cent in Netherlands.
A possible explanation for these discrepancies in the empirical data for Europe may
be that the effect of profit share on productivity growth be non-linear, as Lima (2004)
suggested. In that model, the profit share, not only changes the incentives to innovate
but also affects innovation funding. However, this model does not take into account any
kind of Verdoorn’s effect of demand on productivity.
Of course, these considerations do not mean alone that the overall effect of real wage
growth is negative or positive. They should be considered together with the event that
the economy is wage-led or profit-led. If, however, one considers the profit share effect
instead of real wage growth, then the effects reinforce each other and the overall pattern
for wage-led and profit-led countries confirms.
Empirical analysis has shown that medium and large size economies tend to be
wage-led (UK, US, Germany and France), whereas small economies and emerging
countries tend to be profit-led (e.g. Austria, Netherlands and China).
Ultimately, this model emphasizes that in wage-led countries economics policies that
sacrifice labour share in favor of profits not only have negative conjunctural consequences, but through a decline in productivity growth impact negatively on potential
GDP and the natural rate of growth in the long run as well.
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1.4.3 The interpretation of Kaleckian innovation by Gomulka et al.
Gomulka, Ostaszewski and Davies (1990) investigate the role of innovation in Kalecki’s original work. In Kalecki’s view, a long-run positive trend of growth for the
economy is achieved exclusively by means of innovation.
In his words, cited by Gomulka et al. (1990):
The [capitalist] system cannot break the impasse of [cyclical] fluctuations around a static position unless economic growth is generated by
the impact of semi- exogenous factors such as the effect of innovations upon investment. It is only in such a case that cyclical fluctuations do occur around the ascending trend line.

(Kalecki 1962, p. 134; see also pp. 149-51.)
So, the model is dynamical and its purpose is to show that an ascending equilibrium
trend for output and employment exists due to innovation. Hereafter, thus, we are going
to use the term “trend level” of a variable (or for any variable preceded by the term
“trend”) as the value of that variable that at a given point in time would stand on the
trend line, in other words it is the value around which fluctuations occur.
Conventionally, the rate of growth (𝑔) in balanced growth path is composed by the
growth rate of the labour supply (here 𝑔̅𝐿 ) and by the growth rate of the productivity of
labour (𝜆) (it coincides with the so called “natural rate of growth”). In Kalecki, 𝑔 is affected by the investment that are induced by innovation, say 𝜖, in turn influenced by innovation in itself 𝜆. Hence, the growth rate of employment (𝑔𝐿 ) is given by the difference between 𝑔(𝜖) and 𝜆. Without innovations, 𝜆, 𝜀, 𝑔, 𝑔𝐿 = 0, the trend level of unemployment is thus constant, with trend employment rate rising if it happens simultaneously that 𝑔̅𝐿 > 0. In Kalecki’s mind, to maintain a constant rate of unemployment, there
must exist a rate 𝜀 ∗ such that: 𝑔(𝜀 ∗ ) − 𝜆 = 𝑔̅𝐿 . That is, in presence of rising labour
force, the innovation rate can improve employment but it has to be sufficiently high to
at least maintain unemployment constant. This is called Kalecki’s Growth Proposition.
It does not specify anything on the existence and stability of such an innovation-induced
investment rate though.
In the original model of Kalecki, national income is composed by investment and by
the consumption of both workers and capitalists: 𝑌 = 𝐼 + 𝐶1 + 𝐶2 , net profits are:
𝑃 = 𝐼 + 𝐶1 and consumption behaviour is: 𝐶1 = 𝑐1 𝑃 + 𝐴1 , 𝐶2 = 𝑐2 𝑌 + 𝐴2 . Where 𝐶1
and 𝑐1 are capitalists’ consumption and marginal propensity to consume (ranging from 0
to 1) out of profits, 𝐶2 and 𝑐2 the equivalent for workers, 𝐼 is net investment and 𝐴1 and
𝐴2 are two autonomous consumption components, assumed constant in the short run
and changing in the long run. The equilibrium profits take the form:
𝑃𝑡 =

1
(𝐼 + 𝐴1 ) = 𝑚1 𝐼𝑡 + 𝑀1
1 − 𝑐1 𝑡
(1.57)

Equilibrium income is:
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𝑌 = 𝑃 + 𝐶2 = 𝑚1 𝐼𝑡 + 𝑀1 + 𝑐2 𝑌 + 𝐴2
1
(𝑚 𝐼 + 𝑀1 + 𝐴2 ) = 𝑚2 𝐼𝑡 + 𝑀2
𝑌=
1 − 𝑐2 1 𝑡
(1.58)
For Kalecki, a linear combination of net investment and capital stock serves as an index of the trend level of economic activity, which resembles the two equations just
above. Being 𝐾 ∗ the trend level of capital stock, we can rewrite:
𝑃𝑡 = 𝑚1 𝐼𝑡 + 𝑛1 𝐾𝑡 ∗
𝑌𝑡 = 𝑚2 𝐼𝑡 + 𝑛2 𝐾𝑡 ∗
𝑛1 , 𝑛2 ≥ 0
(1.59)
Calling 𝐷𝑡 the investment orders for the period forward, to be realized as 𝐼𝑡+1 , we
can define an equation for the volume of the investment: 𝐷𝑡 = 𝑓(𝑆𝑡 ,
𝑃

𝑃
𝐾

𝐾𝑡 ∆( )
ℎ

), ℎ is the

past time lapse in which investors observed changes in 𝐾 to take their decisions, 𝑆𝑡 is the
flow of savings. The function 𝑓(. ) is linear in both arguments, whose coefficients of
𝑃

𝑃∗

proportionality are denoted 𝑎 and 𝑏. Approximating 𝐾𝑡 ∆ (𝐾) with ∆𝑃 − (𝐾∗)∆𝐾 around
the trend path we can get:

𝐼𝑡+1 = 𝑎𝑆𝑡 +

𝑃∗
𝑏 [∆𝑃𝑡 − (𝐾 ∗ ) ∆𝐾]
ℎ

0 < 𝑎 < 1,

= 𝑎𝑆𝑡 + (𝑏∆𝑃𝑡 − 𝑐∆𝐾𝑡 )/ℎ

𝑏 > 0,

𝑃∗
𝑐 = ( ∗ )𝑏
𝐾
(1.60)

𝑃∗

∆𝑃

The trend rate of profits is 𝑟̅ = 𝐾∗, the marginal rate of profit is 𝑟 = ∆𝐾. We can rewrite:
𝐼𝑡+1 = 𝑎𝑆𝑡 + 𝑏(𝑟̅𝑡 − 𝑟)∆𝐾𝑡 /ℎ
(1.61)
The above equation can be modified to satisfy Harrod’s requirement that the ratio between investment and long-run fixed capital stock remain unvaried:
𝐼𝑡+1
𝑆𝑡
∆𝐾𝑡
=
𝑎
+
𝑏(𝑟̅
−
𝑟)
𝑡
∗
𝐾𝑡+1
𝐾𝑡∗
𝐾𝑡∗
(1.62)
Citing again Kalecki from Gomulka et al. (1990), innovation prompts new investments:
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the stream of inventions has an impact on investment similar to the
continuous increase in profits in my own theory or the continuous increase in output in other theories considered here. Each new invention,
like each increment of profits (or output), makes certain projects ceteris paribus more attractive. Thus a stream of inventions causes investment over and above the level which would otherwise obtain.

(Kalecki, 1962, p. 147)
If 𝐾 ∗ is the fixed capital level to reach in the long-run equilibrium, the level of innovation-induced investment is 𝜖𝐾 ∗ : investment follows the trend perspectives rather than
conjunctural considerations. Given ∆𝑃𝑡 = 𝑚1 ∆𝐼𝑡 + 𝑛1 ∆𝐾𝑡 ∗ , ∆𝐼𝑡 = 𝐼𝑡 − 𝐼𝑡−ℎ , approximating ∆𝐾𝑡 and ∆𝐾𝑡∗ with ℎ𝐼𝑡 and ℎ𝐼𝑡∗ , the investment function, comprising innovationinduced investment, is:
𝐼𝑡+1
𝐼𝑡
𝑏𝑚1
𝐼𝑡 ∗
(𝐼 − 𝐼𝑡−ℎ ) + 𝑏𝑛1 ∗ + 𝜀
= (𝑎 − 𝑐) ∗ +
𝐾𝑡+1 ∗
𝐾𝑡
ℎ𝐾𝑡 ∗ 𝑡
𝐾𝑡
(1.63)
∗
Being 𝑔 the trend growth rate, we have that 𝐾𝑡+1
= (1 + 𝑔)𝐾𝑡∗ and 𝐼𝑡∗ = 𝑔𝑡 𝐾𝑡∗ , the
trend equation eventually takes the following form:

𝜂
𝑔𝑡+1 = 𝜉𝑔𝑡 + (𝑔𝑡 − 𝑔𝑡−ℎ ) + 𝜂𝑔𝑡 𝑔𝑡−ℎ + 𝜀
ℎ
(1.64)
where 𝜉 = 𝑎 + 𝑏𝑛1 − 𝑐 and 𝜂 = 𝑏𝑚1. A balanced growth path solution (𝑔𝑡+𝑖 =
𝑔 ∀𝑖) has a quadratic form of the kind:
𝜂𝑔2 − (1 − 𝜉)𝑔 + 𝜀 = 0
whose stable solution is:
𝑔1 =

1
[1 − 𝜉 − √(1 − 𝜉)2 − 4𝜂𝜀]
2𝜂
(1.65)

Since when 𝜀 = 0 also 𝑔1 = 0, Kalecki’s Growth Proposition is now apparent: innovation-induced investments are the ultimate factor in determining the trend growth rate.
The ultimate form for the trend rate of employment is thus: 𝑔𝐿∗ = 𝑔1 (𝜀(𝜆)) − 𝜆. When
both 𝜀 and 𝜆 are 0, it is clear that also 𝑔𝐿∗ is 0, herein stands the significance of the Kaleckian effect of innovation on employment.
Having shown what Kalecki meant as the positive effect of innovation on employment, it remains to check whether such an assertion has general validity or it works only
in special cases.
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According to the authors, Kalecki stated his Proposition as general by mistake, indeed they argue his stability analysis of the trend growth rate is faulted, thus misleading
the results. Kalecki assumed that the time-span to which investors look backwards to
adjust their decisions is equal to unity: ℎ = 1. However, by the stability analysis carried
by Gomulka et al. it emerges that it should be high, at least relatively to 𝑏 (the reactivity
of investments with respect to changes in profitability), in order to get a stable trend rate
of growth.
Therefore, in this model innovations and technical progress can have a positive effect
on the employment rate in one case, under a situation of “cautious capitalism”, that is
when investments are not too reactive with respect to changes in profitability (low 𝑏) or
when the past changes in profitability taken into account are those occurred long time
before (high ℎ).
So, if 𝜖 ∗ is the rate of innovation-induced investment such that the economy grows at
the Harrodian natural rate: 𝑔(𝜖 ∗ ) = 𝑛 + 𝜆, when 𝜖 < 𝜖 ∗ , as in Harrod, the unemployment rate tends to ever increase; when, instead 𝜖 > 𝜖 ∗ , which could mean that firms are
very highly innovative, or that effective labour grows slowly (low 𝜖 ∗ ), demand-driven
trend rate 𝑔(𝜖) is higher than the supply or natural one 𝑛 + 𝜆, hence unemployment
falls or at least stands low, since the actual trend rate cannot exceed 𝑔(𝜖 ∗ ) and there will
be inflationary pressures.

1.5 Summary
First we have defined technical progress and illustrated how it is achieved and what
it brings about according to post-keynesians. Verdoorn found out that the causal relation
between output growth and productivity growth is twofold and goes in both directions,
then Kaldor tried to replicate such a finding by modelling an appropriate degree of capitalization to be achieved through investment to guarantee an efficient level of technical
progress.
Then we started to introduce the main growth models of the post-keynesian school.
In Harrod-Domar the investment is essentially exogenous and the core of the model is
to find an equilibrium growth rate which equates demand and supply and maintains stable in the long run; such a situation is verified whenever the economy grows at the so
called warranted rate. When such a warranted rate, furthermore, is equal to the natural
rate, i.e. the rate of growth of the labour force plus the growth rate of labour productivity, the economy ends up growing even at full employment.
Kaldor, Pasinetti and Chiang tried to solve some issues related to the Harrodian stability problem. Kaldor stated that adjustment towards equilibrium occurs through redistribution via the difference in the propensities to save of income earners. Pasinetti used
the concept of classes instead of income earners, since members of each class can earn
both labour-income and capital-income. Chiang generalized Kaldor and Pasinetti’s results by presenting a “threefold savings ratio model” where in equilibrium “class” distribution is determined by exploiting the technical relation between the profit rate and
the capital-output ratio.
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Kaleckian models start by three basic relations linking the investment rate, the saving
rate and the profit rate to the rate of capacity utilization. In equilibrium, according to
which between investment and saving is more responsive to changes in capacity utilization, the economy may result either profit-led or wage-led. Eventual short-run disequilibria are adjusted via changes in distribution or via changes in capacity utilization.
Kaleckian treatment of technical progress has been here analyzed in two ways. First
we presented the model of Hein (2014) which endogenizes productivity growth in a
Kaleckian framework by making it dependent on output growth and capital accumulation. As a result, also productivity growth may be influenced in different ways by
changes in distribution, that is it may be either wage-led or profit-led, just like the
growth rate of output. This means that in an overall wage-led regime policies that privilege the profit share against the wage share have also a negative impact on the long-run
development trend since they affect productivity growth as well. Secondly, we illustrated the interpretation of Kalecki’s original work by Gomulka et al. (1990), revising the
so called Kaleckian Growth Proposition stating that innovation may have an overall
positive effect on employment. This can occur only when the new investments prompted by innovation determine a growth rate larger than the rise in productivity. According
to the authors, however, Kaleckian Growth Proposition may be valid only under certain
circumstances: in the case of “cautious capitalism”, i.e. when the investments do not react too rapidly to changes in profitability and when innovation induced investments are
above a certain threshold which would cause the economy to grow at the Harrodian natural rate.

34

CHAPTER 2 — The Classical-Marxian model of innovation
2.1 How to formalize innovation
Duménil and Lévy (2010) present a model of technical change and innovation on the
basis of Marxian analysis of historical tendencies. They call it the classical-Marxian
evolutionary model of technical change.
Supposing an economy with a single good, the production of which requires amounts
of labour (𝐿) and of the very same good (𝐴) as fixed capital. Thus a technology is represented by the pair (𝐴, 𝐿). The productivities of the two inputs are 𝑃𝐾 = 1/𝐴 and
𝑃𝐿 = 1/𝐿.
Each period appears a new technique (𝐴+ , 𝐿+ ), whose productivity growth rates in
terms of inputs 𝐴, 𝐿 are 𝑎 and 𝑙. So each new technique amounts of inputs are equal to:
𝐴+ = 𝐴/(1 + 𝑎)
𝐿+ = 𝐿/(1 + 𝑙)
(2.1)
we denote 𝑎 and 𝑙 also as 𝜌(𝑃𝐾 ) and 𝜌(𝑃𝐿 ), as growth rates of productivities:
𝜌(𝑃𝐿 ) = 𝑙
𝜌(𝑃𝐾 ) = 𝑎
(2.2)
We borrow the diagram from Duménil-Lévy (2010) to graphically illustrate how they
depict technical change:

Figure 8 - The choice of technology in Duménil-Lévy

In panel (a), the dot represents the existing technique of production (𝐴, 𝐿). According
to where a new technique (𝐴+ , 𝐿+ ) places within the four regions, there can be total,
partial or no input saving. In region [1] there is total input saving, whereas in region [4]
the amount of each input is increased. In regions [2] and [3], one input is spared whilst
the other one is consumed more.
Panel (b) displays the same scheme but in terms of rates of variation (productivity
growth rates). Qualitatively, quadrants from [1] to [4] in (a) coincide to those in (b).
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Panel (c) adds two essential components of the model: one is the innovation set (represented by the ellipse in the figure) and the other is the selection frontier. Since innovations are carried out through R&D investment, whose outcome is uncertain, innovation
presents itself as a random process with its own probability distribution 𝜋(𝑎, 𝑙). The
support of 𝜋(𝑎, 𝑙) is denoted precisely innovation set and its boundaries tell the features
and the limits of the innovation process. The origin of the axes stands for the existing
techniques and always belongs to the innovation set because technical change is not
necessarily carried out every period. The role of the selection frontier is clearly to
choose which technique to use by a certain criterion which is that the profit rate under
the new technique is to be larger than the current one. Of course, innovations falling
within region [1] always yield larger profit rates and therefore are adopted; the converse
occurs when they fall in region [4]. To settle whether innovations falling in regions [2]
and [3] are profitable or not we need, in fact, the selection frontier. Clearly, the selection
frontier satisfies the condition 𝑟+ = 𝑟 and all the points standing above it are worth to
adopt, while those lying below are not. The area which is located above the frontier is
indeed called profitable innovation set (Π).
If we consider the price of good 𝐴 as numeraire, the profit in producing it is 1 − 𝐿𝑤,
𝑤 standing for the wage rate, so 𝐿𝑤 is the wage share, also denoted 𝜔. The profit rates
are therefore defined by:
1 − 𝐿𝑤
𝐴
1 − 𝐿+ 𝑤
𝑟+ =
𝐴+
𝑟=

(2.3)
Assuming that 𝑟+ can be linearly approximated in the vicinity of 𝑟, we have:
𝑟+ = 𝑟(1 +

𝜇𝑎 + 𝑙
)
𝜇
(2.4)

with 𝜇 being the profits-wages ratio, also known as “rate of surplus value”: 𝜇 = (1 −
𝐿𝑤)/𝐿𝑤. So, the equation of the frontier is:
𝑙 = −𝜇𝑎
(2.5)
where, of course, −𝜇 is its slope.
For any given 𝑡 = 1, 2, … it is possible to define a sequence of techniques 𝐴𝑡 , 𝐿𝑡 from
an exogenous sequence of wage rates 𝑤𝑡 . This sequence is called technical trajectory.
These are all the ingredients to define a stochastic dynamical model.
If we average out all the innovations collected in Π, we find the average values of 𝑎
and 𝑙 of the selected innovations. Of course, this is an ex-ante exercise since we do not
know the actual innovations that will occur in the future as an historical fact. Those average values are the coordinates of the center of gravity 𝐺 depicted in the figure below.
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This center of gravity is the locus where the “mass” of all the values of (𝑎, 𝑙) in the
profitable region of the innovation set is concentrated.
However, since the origin is always a feasible choice, that is, there is always a positive probability that values of (𝑎, 𝑙) standing below the selection frontier show up, we
have to weigh 𝑎 and 𝑙 in the computation of the average values according to their respective probabilities (or densities) to occur within region Π, thus determining a new
(weighted) center of gravity 𝐺′. In the following Figure 2, 𝐺 is the center of gravity of
the profitable innovation set, 𝐺′ is located between 𝐺 and 𝑂 through a weighted aver̅ 8
age; its coordinates are (𝑎̅, 𝑙 ):

̅, 𝒍̅)
Figure 9 - The (weighted) average innovations (𝒂

The weighted center of gravity, therefore, acts as the projection of the expected technique to be adopted next period, as it is a weighted average of 𝑎 and 𝑙 according to their
probabilities (or densities).
We describe now the properties of innovation that emerge from the shape of the innovation set. Figure 3 below summarizes all the possible cases:

8

Those coordinates are computed by: 𝑎̅ = ∬Π 𝑎𝑑𝜋(𝑎, 𝑙) , 𝑙 ̅ = ∬Π 𝑙𝑑𝜋(𝑎, 𝑙).
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Figure 10 - The features of innovation

The first row, made up by panels (a) and (b), illustrates how much the difficulty of
innovation can change by varying the size of the innovation set. In panel (a) the latter is
way larger than in panel (b) (homothetic transformation centered in the origin), so in
this later case it is much more difficult to innovate.
The second row depicts another way to express the difficulty to innovate. In panels
(c) and (d) the two circles have the same size and the center of both is located in the first
bisector, but their different position, in particular the distance from the origin, points out
the different difficulty to innovate. Panel (c) has a far larger profitable innovation set
than (d).
The third row accounts for bias. The circle in panel (e) is centered in the first bisector, so innovations on both the positive 𝑎 and 𝑙 axes are equally probable (they intersect
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the peripheral arc with two segments of equal length). In panel (f), instead, it is easier to
find labour-saving innovations (𝑙 > 0) than capital-saving innovations (𝑎 > 0).
Finally, the last row concerns the direction of variation of the two inputs. In the ellipse in panel (g) the use of the two inputs tend to vary in the same direction (either both
increase or decrease). In panel (h), instead, one input varies in one direction while the
other changes in the opposite way (one increases and the other diminishes).

2.1.1 The effects of distribution on innovation
Having spoken about the properties of the innovation set, there is still something left
unsaid about the process of innovation, which concerns the selection frontier once
again.
In fact, even though the innovation may result unbiased as in panel (e), this does not
mean that the technical change would result unbiased since the role of distribution, accounted for in the selection frontier, may bias the choice of techniques through the slope
of the latter. It is indeed easier that the selection frontier be not symmetrical with the
first bisector than the converse.
The impact of distribution on technical change, furthermore, also depends on the
properties of the innovation set. In Figure 4 are represented again the panels (g) and (h)
but drawing two alternative selection frontiers for each of the ellipses, also showing the
two related centers of gravity. The slope of the selection frontier does not account significantly in the first case, but it does in the second case:

Figure 11 - The effects of distribution on biased innovation

The first panel shows a tendency to increase both labour and capital productivity in
either case, while in the second there is saving of labour and consume of capital in one
case and the opposite in the other.
The features of innovation may find an application for example in the hypothesis of
the follower-leader pattern: the cases of panels (g) and (h) may well represent the tendency to move in the direction of the technological state of a leader. This pattern is denominated as “catching-up” with the leader. Historically, in fact, it has been observed
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that some countries have acted as more advanced leading countries, which have been
imitated, or at least have influenced technical change in other countries, see for example
the competition between Europe and Japan or US in the post-war period.
The more advanced techniques of a leader country are described by the following relations:
𝐴
1 + 𝑎𝐿
𝐿
𝐿𝐿 =
1 + 𝑙𝐿

𝐴𝐿 =

2.2 The Marxian predictions and the model

2.2.1 Marxian historical tendencies
So far, we have only described the way technical change is modelled in DuménilLévy (2010). We now have to explore the Marxian consequences of their scheme.
The first thing to do is to list what are the so-called historical tendencies highlighted
by Marx in his Volume III of Das Kapital:
1. Because of the progress in labour productivity, use-values tend to diminish
over time.
2. The value of the composition of capital9 tends to rise.
3. So does the rate of surplus value10 as well.
4. The profit rate tends to fall.
5. The process of accumulation becomes faster.
The most important tendency arising from Marx’s analysis is the fall of the profit
rate over time. He addressed the issue by first assuming a constant rate of surplus value
in Chapter 13, to underline the fact that to him the fall in the profit rate was not a consequence of rising wages but a structural characteristic of technical progress. Thus, the
main cause of the decline in the profit rate to Marx is the rise in the value of the composition of capital, so it is the reflection of decreasing returns on capital.
Actually, over the period going from the late nineteenth century and the first half of
the twentieth century in the US indeed a falling profit rate has been accompanied by a
constant wage share (a proxy for the surplus value). However Marx later rejected the assumption of constancy of the rate of surplus value in favour of a rising one. The falling
profit rate to Marx is also linked to an acceleration of the accumulation of capital, even
though the growth rate of capital tend to fall together with the profit rate.

9

The organic composition of capital is defined by Marx as the ratio of “constant capital” (physical capital) to “variable capital” (labour-cost outlays).
10
The rate of surplus value in Marx is the ratio of unpaid working time by workers to the amount of
working time they need to survive, i.e. in his terms, surplus labour time to necessary labour time.
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2.2.2 The replication of Marxian predictions
Now we are going to see how Duménil and Lévy (2010) tried to replicate Marxian
results within their analytical framework.
First, they try to get a falling profit rate with an exogenous growth rate of labour
cost. What they do is to interpret the historical tendencies as asymptotic trajectories of
the dynamical model. They study this case in two scenarios: one in which the innovation set, the probability distribution and the growth rate of labour cost are constant and
one in which they vary over time.
Let us start with the first scenario. The average feature of technical change, 𝑎̅ and 𝑙 ,̅
depend, among the other things, by the slope of the selection frontier, thus also by the
𝑑𝑎̅
𝑑𝑙 ̅
̅
wage share 𝜔: 𝑎̅ = 𝑎̅(𝜔) and 𝑙 ̅ = 𝑙 (𝜔),
with 𝑑𝜔 < 0 and 𝑑𝜔 > 0. The system in (2.2)
becomes a dynamical system of the kind:
𝜌(𝜔) = 𝜌𝑤 − 𝑙 (̅ 𝜔)
𝜌(𝑃𝐾 ) = 𝑎̅(𝜔)
(2.6)
where 𝜌(𝜔) is the growth rate of the wage share and 𝜌𝑤 is the exogenous growth rate
of the labour cost, given — by adopting Marxian terminology — by the class struggle.
The steady state value of the wage share is the solution of:
𝑙 (̅ 𝜔∗ ) = 𝜌𝑤
if such an equilibrium exists, also the labour productivity growth is constant and
equal to 𝜌(𝑃𝐿 ) = 𝜌𝑤 .
The equilibrium of the capital equation is straightforward:
𝜌(𝑃𝐾 ) = 𝑎̅(𝜔∗ )
So, we have the patterns of the productivities over time:
𝑃𝐿 (𝑡) = 𝑃𝐿 (0)𝑒 𝜌𝑤 𝑡
∗
𝑃𝐾 (𝑡) = 𝑃𝐾 (0)𝑒 𝑎̅(𝜔 )𝑡
(2.7)
So, the trajectories for the profit rate and for the organic composition of capital (𝛾)
are:
(1 − 𝜔∗ )
𝑟=
= (1 − 𝜔∗ )𝑃𝐾
𝐴
𝐴
1
𝛾= ∗= ∗
𝜔
𝜔 𝑃𝐾
(2.8)
∗
∗)
where the direction of 𝑟 or 𝑃𝐾 depends on the sign of 𝑎̅(𝜔 ) (if 𝑎̅(𝜔 < 0 the profit
rate falls).
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In the second scenario, the innovation set, the probability distribution and 𝜌𝑤 are assumed to vary over time, in particular the innovation set gradually reduces.
Suppose that the reduction in the innovation set is a homothetic transformation centred in the origin, with ratio 1/𝑡 𝛼 . Thus, we have:
𝑎̅(𝜔)
𝑡𝛼
̅𝑙 (𝜔)
𝑙̅ = 𝛼
𝑡

𝑎̅ =

(2.9)
the functions 𝑎̅(𝜔) and 𝑙 (̅ 𝜔) are independent of time. Assume also that: 𝜌(𝑤) =
𝜌𝑤 /𝑡 𝛼 .
Now we have the system:
𝜌𝑤 − 𝑙 (̅ 𝜔)
𝜌(𝜔) =
𝑡𝛼
𝑎̅(𝜔)
𝜌(𝑃𝐾 ) = 𝛼
𝑡
(2.10)
and:
𝜌𝑤
𝑙 (̅ 𝜔∗ ) = 𝛼
𝑡
𝑎̅(𝜔∗ )
𝜌(𝑃𝐾 ) = 𝛼
𝑡
The result is that the growth rates of productivities approach their asymptotic trajectories by decreasing over time:
𝑡
𝑃𝐿 = 𝑃𝐿 (𝑡0 )( )𝜌𝑤
𝑡0
𝑡 𝑎̅(𝜔∗ )
𝑃𝐾 = 𝑃𝐾 (𝑡0 )( )
𝑡0
𝛼=1
(2.11)
or:
𝑃𝐿 = 𝑃𝐿 (𝑡0 ) exp (

𝜌𝑤
(𝑡1−𝛼 − 𝑡01−𝛼 ))
1−𝛼

𝑎̅(𝜔∗ ) 1−𝛼
(𝑡
𝑃𝐾 = 𝑃𝐾 (𝑡0 ) exp (
− 𝑡01−𝛼 ))
1−𝛼
𝛼<1
(2.12)
Again, as in the previous scenario, we found a constant surplus value (𝜔) and the
condition to obtain a falling profit rate remains 𝑎̅(𝜔∗ ) < 0. The main changes are the
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speed of reduction in the profit rate and in the productivity of capital. These result are so
far in line with Marx’s analysis of Chapter 13 of Volume III of Capital.
By “the condition for the profit rate to fall” we mean the progressive reduction in 𝑟
due to capital accumulation over time. Since 𝑎̅(𝜔∗ ) < 0 implies the adoption of higher
capital-intensive techniques (or less labour-intensive) the productivity of capital falls,
together with the profit rate. This is exactly what Marx meant.
It is to be cleared that this tendency of the profit rate to fall does not contradict the
selection scheme of new techniques. In adopting new techniques entrepreneurs choose
those that secure them with higher profit rates. However this is an ex ante prospect
which does not take into account the possible long-run ex post consequences of capital
accumulation.
The accumulation of capital stock, traditionally, is represented by a relation with the
profit rate:
Δ𝐾
= 𝜌(𝐾) = 𝑠𝑟
𝐾
(2.13)
from this equation it is possible to derive a trajectory for the capital stock, which differs according to the scenario we deal with. When the innovation set and the growth rate
of wages are constant this trajectory is:
𝑠𝑟(0)
(exp(𝑎̅(𝜔∗ )𝑡) − 1))
𝐾(𝑡) = 𝐾(0)exp(
𝑎̅(𝜔 ∗ )
(2.14)
with 𝑎̅(𝜔∗ ) < 0 the capital stock tends toward a constant. The trajectory can be seen
in panel (a) in Figure 5 below. However, a falling profit rate implies a decline in the
productivity of capital (2.8) thus a drop in output and in accumulation. A result not in
line with Marx’s conclusions.
When the innovation set shrinks the wages grow slower, assuming 𝛾 = 1, the capital
stock trajectory is:
𝐾 = 𝐶1 exp(𝐶2 𝑡 𝑎̅(𝜔

∗ )+1

)
(2.15)

𝑎̅(𝜔 ∗ )+1

where: 𝐶1 = 𝐾(𝑡0 )exp(−𝐶2 𝑡0

) and 𝐶2 =

𝑠𝑟(𝑡0 )
̅ (𝜔∗ )
𝑎
𝑡0
(𝑎̅(𝜔 ∗ )+1)

.

Here 𝑎̅(𝜔∗ ) > −1 so capital stock rises indefinitely just like production and accumulation. These results are in line with Marx’s conclusions. See panels (b) and (c) below.
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Figure 12 - The accumulation trajectories

Panel (c) underlines that capital stock growth rate decreases.
Marxian tendency of the profit rate to fall can be noted in the right panels of Figure 6
below, i.e. whenever 𝑎̅, the coordinate on the horizontal axis of the center of gravity, is
negative. So, we can say that this occurs when:




There is a large difficulty to innovate (panel (b)).
Innovation is biased (panel (d).
Inputs are substitutes (panel (f)).
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Figure 13 - Increasing versus declining trends of the profit rate

Panel (b) is equivalent to the second scenario we hypothesized and is interesting because seems to reflect the features of R&D activities. In fact, they are risky and costly.
Within a capitalist system it is hard to privately secure the total profits from innovation,
while facing the risks and the costs of R&D is inevitable. This could explain the difficulty to innovate framework.

2.2.3 The endogenous properties of innovation in the model
Even though in the model we have presented the innovation set is given or varies exogenously, the conditions for technical change are endogenous. For instance, the profit
rate, which determines the profitability of a given choice of technique, is an endogenous
variable. This impacts also on the series of productivity values, or technical trajectory,
𝐴𝑡 , 𝐿𝑡 , since techniques in one period derive from the prevailing technique in the previous period.
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It is also possible to endogenize, to some extent, the size or the variation of the innovation set. For example, the radius of the circle, the coordinates of the center or the
probability distribution may be expressed in terms of economic variables, like the output growth rate (as in the Kaldor-Verdoorn Law), the accumulation of human capital or
the growth of the capital stock per worker (like Kaldor’s technical progress function).
One important aspect of innovation considered in this model, in contrast with neoclassical theory, is that innovation is local, that is, technical change does not move too
much away from current state.
Neoclassical theory, instead, postulates a production function to be maximised by
firms according to their cost structure. According to the values the wage rate can assume, the extent of technical change can be very large (through the shifts of isocost
lines) — see panel (a) below. The technology of the production is given and, in the
standard formulation of the theory, varies according to an exogenous rate of technical
progress. Modern macroeconomics deals with endogenous technical change within the
neoclassical production function framework.
The difference between the neoclassical approach and the present model can be illustrated by the following Figure 7:

Figure 14 - Production function versus Innovation set

Panel (a) shows a neoclassical isoquant of production with a Cobb-Douglas production function, where the dot represents the existing technique. Panel (b) depicts an innovation set with a very large radius; as one can see the possibilities of technical change
are much tinier than the neoclassical framework. Panel (c) is the enlargement of panel
(b); one can see a small curve close to the existing-technique dot: it is the ensemble of
the (weighted-averaged) centers of gravity for all possible values of the real wage. Anyway, even if the wage rate varied strongly, the extent of technical change would not be
very large, compared to the neoclassical case.

2.3 Overall dynamics and concluding remarks
The classical-Marxian model of evolutionary technical change, provides a wide and
alternative analytical framework of technical change determination, where innovation is
random but whose extent can be known at the boundaries, given its local characteristic
and its limits. Basically, innovations are driven over time by the growth rate of the real
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wage and by the equilibrium level of the wage share and, ultimately, by the profit rate,
which is also influenced by the real wage and the very technological setting. A complex
causation which can be summed up by the picture below:

Figure 15 - The overall dynamics of the classical-Marxian approach

Accumulation, determined by the dynamics of the profit rate [4], affects production
and employment — by the Verdoorn’s Law this may impact on technology so the cycle
powers up again.
An important feature of this model, furthermore, is that the state of technological
progress is path dependent on the labour cost growth pattern, as Duménil and Lévy
(2010) have shown simulating the model. The entire trajectory of labour cost growth
matters for the time-value of capital productivity, which may result highly different in
relation to other labour cost paths. This can be explained by the fact that labour cost
changes affect the selection frontier since its equation is 𝑙 = −𝜇𝑎, where 𝜇 depends on
the ratio between the profit share and the wage share.
However, it is important to note that the innovation set does not vary according to
different choices of (𝑎, 𝑙), it is assumed to maintain its shape and bounds independently
of the “path” of 𝑎 and 𝑙. The only assumption the authors eventually make as to changes
in the shape of the innovation set is that it may reduce over time.
Further, nothing is said about the function 𝜋(𝑎, 𝑙) nor about how to determine its
support (i.e. the innovation set) which plausibly is predetermined.
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CHAPTER 3 — Growth, innovation and technical progress in Neoclassical theory
The neoclassical approach in economic theory is, as of now, the mainstream set of
doctrines in economics.
As we mentioned earlier, modern mainstream growth theory develops by the production function framework, conceived by Solow and Swan, and refines with the utilitymaximization model of Ramsey-Cass-Koopmans. The latter extends the technical approach of Solow-Swann with the behavioral optimization of households — instead of
addressing firms profit maximization only — reaching more general conclusions without contradicting the previous model.
These models are denominated exogenous growth models, because they treat technical progress as an exogenous variable, not determined in the model and independent
of any other variable.
Recently, mainstream growth theory has been enriched by the arising of models
where technical progress is determined as a result of economic activity. These sort of
models are indeed named endogenous growth models. The first and most relevant of
them being Romer’s model.
We begin the chapter by presenting in the first paragraph the cornerstone model of
Solow-Swann and then we discuss such model by addressing some critiques to the neoclassical theory of capital in the second paragraph. Finally, in the third paragraph we
will discuss some properties of innovation in the neoclassical approach, in particular in
the endogenous growth framework, presenting the model of Romer.

3.1 The Solow-Swan model of growth
The main assumptions of the model are:


It is produced only one good, which serves both as consumption good and as
capital good.



The necessary inputs to produce the good, thus, are (effective) labour (𝐿 × 𝑇)
(where 𝑇 is the level of technology available — technology is labouraugmenting) and a certain quantity of the same good (𝐾) reinvested in the
production process. The overall production (𝑌) is expressed by the production function:
𝑌 = 𝑓(𝐾, 𝐿 × 𝑇)
(3.1)



Such a function is characterized by constant returns to scale: by increasing
the quantities of both inputs of the same scale, output rises of the same factor:
𝛼𝑌 = 𝑓[𝛼𝐾, 𝛼(𝐿 × 𝑇)]
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choosing 𝛼 such that 𝛼 =

1
𝐿×𝑇

shows a direct relationship between output per (effec-

tive) worker (or effective labour productivity) and capital intensity in effective-labour
terms:
𝑌
𝐾
= 𝑓(
, 1)
𝐿×𝑇
𝐿×𝑇
𝑦̂ = 𝜑(𝑘̂)
(3.2)
𝑌

𝐾

where 𝑦 = 𝐿×𝑇 and 𝑘 = 𝐿×𝑇.


The production function satisfies the Inada conditions, which, in this later
form are: 𝜑(0) = 0, 𝜑′(𝑘̂) > 0, 𝜑′′(𝑘̂) < 0, 𝜑′(0) = ∞, 𝜑′(∞) = 0.



Labour and technology grow at given exogenous rates, respectively 𝑛 and
𝑥: 𝐿(𝑡) = 𝐿(0)𝑒 𝑛𝑡 , 𝑇(𝑡) = 𝑇(0)𝑒 𝑥𝑡 .

Assuming, furthermore, a constant propensity to save out of income (𝑠) and a constant depreciation rate for capital (𝛿), the time pattern for capital intensity in effectivelabour terms variation is given by:
𝑘̂̇(𝑡) = 𝑠𝜑(𝑘) − (𝛿 + 𝑛 + 𝑥)𝑘̂(𝑡)
(3.3)
while expressing the same relation in per worker terms:
𝑘̇ (𝑡) = 𝑠𝜑(𝑘, 𝑇) − (𝛿 + 𝑛)𝑘(𝑡)
(3.4)
the growth rate of the capital intensity in per worker terms is:
𝛾𝑘 = 𝑠𝜑 (

𝑇
) − (𝛿 + 𝑛)
𝑘(𝑡)
(3.5)
𝑇

In balanced-growth path 𝛾𝑘∗ is constant by definition so it must also be for 𝑘(𝑡). Since
𝑇 grows at 𝑥, we have that 𝛾𝑘 = 𝛾𝑘∗ = 𝑥.
By the constant returns to scale property we have that output per worker:
𝑇
𝑦(𝑡) = 𝑘𝜑 (
)
𝑘(𝑡)
50

(3.6)
thus, also output per worker grows at 𝛾𝑦∗ = 𝛾𝑘∗ = 𝑥.
Consumption per worker, which is defined by 𝑐(𝑡) = (1 − 𝑠)𝑦(𝑡), in balanced
growth path grows hence also at 𝛾𝑐∗ = 𝛾𝑦∗ = 𝛾𝑘∗ = 𝑥.
Technical progress determines the growth of the entire economic system at balancedgrowth path. Whenever 𝑥 = 0 the per worker variables remain stationary and the only
engine of growth for total output, capital accumulation and total consumption is the
population growth rate 𝑛.11
The steady state value of capital per effective worker is determined by the relation:
𝜑(𝑘̂ ∗ )
𝑠
=𝛿+𝑛+𝑥
𝑘̂ ∗
(3.7)
the existence and uniqueness of such a solution is guaranteed by the diminishing returns to capital (fixed point in the 𝜑(𝑘̂), 𝑘̂ plane). Further, steady state is also stable
(capital per worker converges to its steady state value).

3.2 The Solow-Swan model and the Harrod model
In Chapter 1 we have seen that Harrod model presents an instability issue linked to
the most likely divergence between the so called warranted rate of growth (which ensures that the system grows in equilibrium) and the actual growth rate. Further, in such a
a model there is neither the certainty that full employment is achieved, since the warranted rate may differ from the natural rate of growth.
To this problem, Kaldor and the Kaldorians tried to answer by arguing that letting the
propensity to save to adjust to disequilibria brings the warranted rate in equilibrium with
the natural rate.
Neoclassical economists, instead, with the Solow-Swann model claimed that adjustment occurs simply in the capital-output ratio (𝑣) since firms react to disequilibria by
changing the techniques of production to adopt in order to maximize their profits. In
fact, in Harrod-Domar such a ratio is considered given and fixed. Hence, neoclassical
economists argue, the system ends up to grow in equilibrium and in full employment
anyway.
Let us see how their argument is put forward. Cozzi (1972) illustrates very clearly
their reasoning.

3.2.1 Full employment and equilibrium in the Solow model
Let us take back the neoclassical production function with capital and labour:
𝑌 = 𝑓(𝐾, 𝐿) with the usual properties so that 𝑦 = 𝜑(𝑘).
11

Otherwise it would be 𝑛 + 𝑥.
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Each different combination of capital and labour form a different technique of production. Let us assume that there is no technical progress so productive techniques do
not vary over time. Graphically:

Figure 16 - The capital-output ratio in the production function graph

Suppose the economic system is located in point P in the figure above, whose coordinates are 𝑃 = (𝑘 ′ , 𝑦 ′ ), with 𝑘 ′ =
the origin through P is

𝑦′
𝑘′

𝑌′

𝐾′
𝐿′

𝑌′

and 𝑦 ′ = 𝐿′. The slope of the line passing from

= 𝐾′ and is the reciprocal of the capital-output ratio 𝑣′ =

𝐾′
𝑌′

.

The coefficient 𝑣 is increasing along the curve 𝜑(𝑘).
Without technical progress, to have equilibrium growth in full employment there
𝑠
must be equality between 𝑔𝑤 = 𝑣 and 𝑔𝑛 = 𝑛. So, the equilibrium value of the 𝑣 must
𝑠

be: 𝑣 ∗ = 𝑔 . Let us track another graph, with the economy located in a point 𝑃∗ such
𝑛

that the angle 𝛽 ∗ has a tangent of

1
𝑣∗

=

𝑔𝑛
𝑠

:
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Figure 17 - The full-employment equilibrium technique

So, the technique of production adopting a capital intensity level of 𝑘 ∗ is the one that
equates the warranted rate with the natural rate of growth and allows the system to grow
in full employment equilibrium.
How does such a technique is chosen? As it is well known, neoclassical theory postulates that firms choose a combination of capital and labour that ensures profit maximization. In perfect competition, such a result is obtained by the condition that the marginal
productivities of the inputs equal their market remunerations. That is, the marginal
product of labour has to be equal to the wage rate and the marginal product of capital
has to be equal to the profit rate. Thus, for the firms to choose the productive technique
with capital intensity 𝑘 ∗ , there has to be in the market a profit rate of 𝑟 ∗ and a wage rate
of 𝑤 ∗ .
The tangent line to the production function in 𝑃 ∗ shapes an angle 𝛾 ∗ with the vertical
axis whose width is given by the ratio of the two segments
productivity of capital. Thus,

𝑃∗ 𝑄
𝑊𝑄

𝑃∗ 𝑄
𝑊𝑄

, which stands for the

also represents the equilibrium profit rate 𝑟 ∗ that has

to arise in the market in equilibrium.
Therefore, the length of the segment 𝑃∗ 𝑄 is portion of the overall production which
goes to capital remuneration. The remaining part, 𝑄𝑘 ∗ is the remuneration of labour, the
wage rate 𝑤 ∗ . By the Euler Theorem, the latter is also the marginal productivity of labour.
Hence, whenever the market mechanism ensures that the wage rate is 𝑤 ∗ and the
profit rate is 𝑟 ∗ the most convenient technique to adopt is 𝑃∗ (𝑘 ∗ , 𝑦 ∗ ), the equality be53

tween the warranted rate and the natural rate of growth is achieved and the system
grows in full employment. Of course, whenever the market mechanism determines different input remuneration rates than (𝑤 ∗ , 𝑟 ∗ ), the profit-maximizing technique will be
different than 𝑃 ∗ (𝑘 ∗ , 𝑦 ∗ ). So, for each technique 𝑃𝑖 it is associated a specific couple
(𝑤𝑖 , 𝑟𝑖 ) which makes that technique the most convenient one.
With wage rates lower than 𝑤 ∗ and profit rates higher than 𝑟 ∗ it will be adopted a
technique with a capital intensity lower than 𝑘 ∗ (labour is relatively more convenient
than before with respect to capital) and vice versa. Therefore, there is a relation between
the wage rate and the profit rate such that if one rises the other diminishes. To illustrate
and make clear such a relation, Paul Samuelson (1962) developed the concept of factor
price frontier.
Let us see how neoclassical economists argue the system will get back to full employment if it occurs that 𝑔𝑤 differs from 𝑔𝑛 . Suppose 𝑔𝑤 < 𝑔𝑛 , we have already seen
that in this situation the unemployment rate tend to increase over time. Since unemployment rises, neoclassicals say, the equilibrium wage rate will fall with respect to the
profit rate, so entrepreneurs have an incentive to switch to a productive technique with a
lower capital intensity, hence a lower 𝑣 as well. Thus, with a lower 𝑣, the warranted rate
𝑠
𝑠
𝑔𝑤 = 𝑣 increases eventually approaching 𝑔𝑛 when 𝑣 reaches the value 𝑣 ∗ = 𝑔 . The
𝑛

converse mechanism, of course, occurs whenever 𝑔𝑤 > 𝑔𝑛 , in this case the wage rate
will increase with respect to the profit rate.
So, according to neoclassicals, the market-mechanism forces allow the system to
grow in full employment equilibrium since the very firms choose the techniques of production that ensure that state. Thus, the reason why Harrod-Domar model does not contemplate a full-employment equilibrium adjustment process, neoclassicals argue, is indeed that its “production function” is a fixed coefficients one, of the sort of Leontief’s
production function: 𝑌 = min [𝐾, 𝐿] (see Acemoglu, 2007).

3.2.2 Critique to the neoclassical theory: the measurement of capital
Apart from the considerations on the actual limits of changing the techniques of production and on the time it would require the adjustment before getting to a fullemployment situation, neoclassical theory has been severely criticized in its internal validity and logical consistency.
The pivotal argument was that since neoclassical theory postulates a production function whose argument is the quantity of capital, the units of measure of such a variable
cannot be dependent on the profit rate, because the latter in turn depends on the marginal productivity of capital, whose determination requires knowing the units of measure of
capital.
In fact, since a physical unit of measure would be too problematic whenever heterogenous capital goods are considered, the most appropriate unit of measure is in terms of
value. The value of a capital good is computed either by costs of production or by the
future returns its utilization could secure. In both cases, what is needed to know are the
wage rate and the profit rate. In particular, future returns must be discounted by the
profit rate considered normal by entrepreneurs in order to obtain their present value.
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Thus, neoclassical theory of capital measurement is faulted by a circular reasoning:
profit rate is determined once the value of capital stock is known, the latter, however,
requires the knowledge of the profit rate.
This debate has become known as the “Cambridge Capital Controversy” or “the two
Cambridge debate” since the critiques had been asserted by the economists in Cambridge (UK) while the defenders of neoclassical theory were primarily based in Cambridge (US).
Essentially, such a critique asserts that capital measurement in terms of value depends on the income distribution. Different levels of income distribution may cause the
same capital stock to have different values.
If it is so, then, there are no ambiguous ways to sort productive techniques according
to their own capital intensity, since that order may vary as a consequence of changes in
distribution. Therefore, a neoclassical production function, allowing to order different
techniques of production in such a way that lower profit rates correspond to higher capital-intensive techniques with higher 𝑣, is not legitimate to be used anymore.
3.2.3 Samuelson’s argument in defense of the production function
Paul Samuelson (1962) tried to show that even though problems of capital measurement may arise when heterogenous capital goods are taken into account, nevertheless
neoclassical statement that lower profit rates are related to higher capital intensity and
vice versa is still valid.
He presented a model where is produced only one good, which can be produced by
adopting different techniques labeled 𝛼, 𝛽, 𝛾, 𝛿 … Each different technique requires the
use of qualitatively different capital goods of the kind 𝛼, 𝛽, 𝛾 … To produce each capital
good, though, only one technique is available.
All the techniques of production, both of the consumption good and of the capital
good, are characterized by constant returns to scale. To produce one unit of the good using the technique 𝛼, one must employ 𝐿𝛼 workers and 𝐾𝛼 units of the capital good 𝛼,
and so on and so forth for the other techniques.
Capital goods require a certain amount of labour and of themselves for their production: for one unit of capital good 𝛼 are required 𝐻𝛼 units of 𝛼 and the employment of
𝑁𝛼 workers.
The consumption good is chosen as numeraire so its price is equal to 1. The prices of
the capital goods are labeled 𝑝𝛼 , 𝑝𝛽 , 𝑝𝛾 …
Under perfect competition, in the long run, profits are null so prices equal the costs
of production, i.e. to wages and profits on the value of the capital goods invested (no
depreciation is assumed). So, by adopting technique 𝛼 we would have:
1 = 𝑤𝐿𝛼 + 𝑟𝑝𝛼 𝐾𝛼
{
𝑝𝛼 = 𝑤𝑁𝛼 + 𝑟𝑝𝛼 𝐻𝛼
(3.8)
from which we can get the following relation between 𝑤 and 𝑟:
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𝑤=

1 − 𝑟𝐻𝛼
𝐻
𝐾
𝐿𝛼 − 𝑟 (𝑁𝛼 − 𝐿 𝛼 ) 𝑁𝛼 𝐿𝛼
𝛼
𝛼
(3.9)

𝐻

𝐾

the expression (𝑁𝛼 − 𝐿 𝛼 ) represents the difference between the capital intensity of
𝛼

𝛼

𝐻

the technique of production for the capita good (𝑁𝛼 ) and the capital intensity for pro𝛼

ducing the consumption good with technique 𝛼.
Samuelson assumes that capital intensities are the same, whichever the productive
technique adopted, so that the relation simply becomes:
𝑤=

1 − 𝑟𝐻𝛼
𝐿𝛼
(3.10)

which is the equation of factor price frontier associated to technique 𝛼, which we
mentioned above in §3.2.1. From this later assumption depends the consistence of Samuelson’s results. The graph of such a frontier is the line depicted in the figure below:

Figure 18 - The factor price frontier

1

The intersection with the axes, 𝐿 and
𝛼

1
𝐻𝛼

are, respectively, the average productivity

of labour in the consumption-good industry (it is also the maximum level of the wage
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rate when capital is not remunerated) and the average productivity of capital in the production of capital goods (it is also the maximum level of the profit rate when labour is
not remunerated).
The frontier tells the maximum level of the equilibrium wage rate, given any value of
the profit rate and vice versa.
Choosing the most convenient among different technique of production means adopting, for any given value of the profit rate, the one with the highest value of the wage rate
(or vice versa) — so that capital utilization will be more convenient than the other techniques with respect to labour (and vice versa). This can be seen in the following figure:

Figure 19 - The choice among different techniques

For the highest levels of the profit rate, the most convenient technique to adopt is 𝛼,
since it exhibits the highest levels of the wage rate. As we move along lower levels of
the profit rate, the most convenient techniques to adopt become, in turn, 𝛽, 𝛾, and 𝛿.
Thus, in presence of several techniques of production, the factor price frontier is a
piecewise linear curve like the polyline ABCDE in the figure above.
In location of the sharp corners A, B etc. two techniques are equally convenient, e.g.
𝛼 and 𝛽 in point B.
In order of increasing capital intensity we have techniques 𝛼, 𝛽, 𝛾, 𝛿. In this way, it is
thus possible to sort productive techniques according to the degree of capital intensity,
just like it were possible with the production function.
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To Samuelson, then, the use of the neoclassical production function is warranted to
the purpose of illustrating growth and distribution mechanisms even in presence of
qualitatively different capital goods.

3.2.4 The issue of Reswitching
We have seen before that Samuelson’s argument strongly depends on the assumption
that capital intensities are equal among all the possible techniques of production. However, this is a very weak assumption since as a matter of fact capital intensity varies
across sectors. So, let us see what are the consequences of relaxing such assumption for
Samuelson’s argument.
𝐻

It is clear that when 𝑁𝛼 ≠
a curve. If

𝐻𝛼
𝑁𝛼

>

𝐾𝛼
𝐿𝛼

𝛼

𝐾𝛼
𝐿𝛼

the relation between 𝑤 and 𝑟 it is not a line anymore but

, i.e. the capital sector has a higher capital intensity than the con-

sumption sector, the resulting curve will always lie above the line depicted in Samuel𝐻

son.12 The converse is true for 𝑁𝛼 <
𝛼

𝐾𝛼
𝐿𝛼

.

The figure below shows the shape the factor price frontier may assume in the event
𝐻

that: a) 𝑁𝛼 >
𝛼

𝐾𝛼
𝐿𝛼

𝐻

, b) 𝑁𝛼 =
𝛼

𝐾𝛼
𝐿𝛼

𝐻

, c) 𝑁𝛼 <
𝛼

𝐾𝛼
𝐿𝛼

:

Figure 20 - Disequality among capital intensities

12

Since the denominator in 𝑤 =

1−𝑟𝐻𝛼
𝐻
𝐾
𝐿𝛼 −𝑟( 𝛼 − 𝛼 )𝑁𝛼 𝐿𝛼

is now lower the wage becomes larger.

𝑁𝛼 𝐿𝛼
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Let us see now what might happen when in a system with only two types of capital
goods, 𝛼 and 𝛽 the equality between the capital intensities is not assured:

Figure 21 - The reswitching

Here the factor price frontier is represented by the curve ABCD. It is immediate to
notice that for 𝑟 > 𝑟′ the most convenient technique is 𝛼, for 𝑟 ′′ < 𝑟 < 𝑟′ it is 𝛽 and, for
𝑟 < 𝑟′′ it is 𝛼 again. This is what is meant for reswitching. If techniques “switch” from
one to another over and over again, it is not possible anymore to state which one has the
highest capital intensity.
It is in fact contradictory to say that for 𝑟 < 𝑟′ the technique 𝛽 has a higher capital
intensity than 𝛼 and, at the same time, that for 𝑟 < 𝑟′′ the technique 𝛼 has a higher capital intensity than 𝛽.
This result, demonstrated analytically by Sraffa (1960), deeply undermines the general validity of the neoclassical theory of the production function.
The logical validity of the neoclassical theory is maintained though in the case of a
one-good economy or when all the commodities are produced with techniques having
the same degree of capital intensity.
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3.3 Neoclassical innovation and the model of Romer
The most recent literature on economic growth and development within the neoclassical approach has tried to highlight how new knowledge and innovations are originated
and how they spread throughout the economy, while previously what had been mostly
addressed was merely the effect of knowledge accumulation and innovation on output
per capita growth and capital accumulation.
This latter class of models, therefore, try to “endogenize” technical progress determining it within the causation of the model, so they are labelled endogenous growth
models.
One of the main goals of the endogenous growth models is to try to explain the patterns of increasing returns to capital, something that can be analytically depicted by introducing the context of Research & Development (R&D) investment activities.
Paul Romer (1986, 1990) conceived a model where knowledge is produced by means
of the same factors of production of the consumption-good sector: capital and labour.
That is, capital and labour are employed to R&D activities so that the output of such a
process is new and better knowledge which applies to skilled labour, enhancing its
productivity.
Thus, we have two sectors, the one producing the consumption goods and the other
committed to R&D activities. Both sectors apply capital and labour, whose overall
quantities in the economy 𝐿(𝑡) and 𝐾(𝑡) are given. The shares of capital and labour
used by the innovation sector are 𝑎𝑙 and 𝑎𝑘 , while 1 − 𝑎𝑙 and 1 − 𝑎𝑘 are the input
shares for the consumption-good industry; they are considered constant. The consumption-good sector has a Cobb-Douglas production function technology, so it shows constant returns to scale on both inputs. It is by means of the R&D sector, which acts on the
quality of the labour force, that the overall production can exhibit increasing returns to
scale (and also marginal increasing returns to capital).
The consumption-good industry has a technology of the kind:
𝑌(𝑡) = [(1 − 𝑎𝑘 )𝐾(𝑡)]𝛼 [(1 − 𝑎𝑙 )𝐴(𝑡)𝐿(𝑡)]1−𝛼
0<𝛼<1
(3.11)
where 𝐴(𝑡) is the existing stock of applied knowledge to skilled labour.
The other sector production function, by definition, defines how 𝐴(𝑡) accumulates
over time:
𝐴̇(𝑡) = 𝐵[𝑎𝑘 𝐾(𝑡)]𝛽 [𝑎𝑙 𝐿(𝑡)]𝛾 𝐴(𝑡)Θ
𝐵 > 0; 𝛽, 𝛾 ≥ 0
Θ ∈ ℝ
(3.12)
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as one can see, new knowledge is accumulated depending on the current stock of
knowledge, i.e. it adds to its existing level according to a parameter Θ.
When Θ = 0 knowledge entirely vanishes after one period and the available stock of
knowledge is simply the one generated in the period. When Θ = 1 the growth rate of
knowledge is simply driven by the contribution of the factors of production. Whether Θ
is greater or lower than 1 the impact of existing knowledge to the creation of new
knowledge over time is either increasing or decreasing; in the first case knowledge never becomes out of date, in the second it partly does.
The model is finally closed by the equality between savings and investment and by
the labour force growth equation:
𝐾̇ (𝑡) = 𝑠𝑌(𝑡)
𝐿̇(𝑡) = 𝑛𝐿(𝑡)
(3.13)
𝐴̇(𝑡)

Define the knowledge growth rate as 𝑔𝐴 (𝑡) = 𝐴(𝑡), let us see what is the impact of
knowledge on the dynamics of the economy in different scenarios.
In a pure labour economy (𝛼, 𝛽) = 0, we have:
𝑌(𝑡) = [𝐴(𝑡)(1 − 𝑎𝑙 )𝐿(𝑡)]
(3.14)
𝐴̇(𝑡) = 𝐵[𝑎𝑙 𝐿(𝑡)]𝛾 𝐴(𝑡)Θ
(3.15)
thus:
𝑔𝐴 (𝑡) = 𝐵[𝑎𝑙 𝐿(𝑡)]𝛾 𝐴(𝑡)Θ−1
(3.16)
let us investigate the time pattern of this rate of growth, taking as reference the case
in which Θ < 1:
𝑑𝑔𝐴 (𝑡)
= 𝛾𝑛𝑔𝐴 (𝑡) + (Θ − 1)𝑔𝐴 2 (𝑡)
𝑑𝑡
which solves for:
𝛾𝑛 − (1 − Θ)𝑔̅𝐴 (0) −𝛾𝑛𝑡 1 − Θ −1
𝑔𝐴 (𝑡) = [
𝑒
+
]
𝛾𝑛𝑔̅𝐴 (0)
𝛾𝑛
(3.17)
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A steady state is achieved when

𝑑𝑔𝐴 (𝑡)
𝑑𝑡

= 0. Apart from the trivial solution (𝑔𝐴 = 0),

we have:
𝑔𝐴∗ =

𝛾𝑛
1−Θ
(3.18)

the trivial solution is unstable, while 𝑔𝐴∗ is stable. So, when 𝑔𝐴 > 0 the system converges to the positive steady state, whereas when 𝑔𝐴 < 0 the system tends to an ever
negative growth rate.
When Θ > 1 (increasing returns to knowledge), instead, 𝑔𝐴∗ is stable but negative and
the trivial is unstable all the same. Thus, for positive growth rates, the system grows
faster and faster while for 𝑔𝐴 < 0 the economy tends to the negative steady state growth
rate.
When capital is taken into account (𝛼 > 0), we have that the capital stock growth
rate is:
𝑔𝐾 (𝑡) = 𝑠(1 − 𝑎𝑘 )𝛼 (1 − 𝑎𝑙 )1−𝛼 𝐾(𝑡)𝛼−1 𝐿(𝑡)1−𝛼 𝐴(𝑡)1−𝛼
(3.19)
its time pattern is:
𝑑𝑔𝐾
= (1 − 𝛼)𝑔𝐾 (𝑔𝐴 + 𝑛) − (1 − 𝛼)𝑔𝐾2
𝑑𝑡
it depends on the growth rate of knowledge, so a faster knowledge generation accelerates the accumulation of capital. The steady state value for 𝑔𝐾 is, for a given 𝑔𝐴 :
𝑔𝐾 = 𝑔𝐴 + 𝑛
(3.20)
the trivial steady state 𝑔𝐾 = 0 is unstable.
Now 𝑔𝐴 becomes:
𝑔𝐴 = 𝐵𝑎𝑘 𝛽 𝑎𝑙 𝛾 𝐾𝛽 𝐿𝛾 𝐴Θ−1
(3.21)
𝑑𝑔𝐴
= (𝛽𝑔𝐾 + 𝛾𝑛)𝑔𝐴 + (Θ − 1)𝑔𝐴2
𝑑𝑡
the rate of change of the knowledge growth rate is self-feeding.
The stationary states are:
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𝑔𝐴 =

𝛽
𝑛
𝑔𝐾 +
𝛾
1−Θ
1−Θ
𝑔𝐴 = 0
(3.22)

for Θ < 1 the first solution is positive and stable and the trivial unstable; for Θ > 1
the stable solution is negative.
So, we have a couple of steady state rates:
𝑔𝐾∗ = 𝑔𝐴∗ + 𝑛
𝛽
𝑛
{ ∗
𝑔𝐴 =
𝑔𝐾∗ +
𝛾
1−Θ
1−Θ
(3.23)
yielding the solutions:
𝑛 + 𝑛(𝛾 − Θ)
1 − (𝛽 + Θ)
𝑛𝛽 + 𝑛𝛾
𝑔𝐴∗ =
1 − (𝛽 + Θ)
{
𝑔𝐾∗ =

𝛽+Θ <1
(3.24)
the output growth rate in steady state is thus given by:
𝑔𝑌∗ = 𝛼𝑔𝐾∗ + (1 − 𝛼)[𝑔𝐴∗ + 𝑛]
(3.25)
which turns out to be:
𝑔𝑌∗ =

𝑛 + 𝑛(𝛾 − Θ)
= 𝑔𝐾∗
1 − (𝛽 + Θ)
(3.26)

In conclusion, the final output growth rate depends ultimately on the capital accumulation which is fundamentally determined by the population growth rate (or employment
growth rate, since this is a full-employment model) and shaped by the parameters of the
knowledge production function.
So, this is a model where technical progress, in the form of knowledge generation, is
explained by R&D investment activity by the joint application of capital and labour and,
in turn, eventually determines also capital accumulation and output growth in steady
state.
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3.4 Conclusions
We have seen that neoclassical growth theory postulates that entrepreneurs can combine factors of production according to a continuum of techniques the most convenient
of which will be adopted in order to maximize profits. From this assumption starts the
Solow-Swan model, which develops a theory of capital accumulation and output per
capita growth thanks to the standard neoclassical production function.
In the model of Solow-Swan, output per capita, capital intensity accumulation and
consumption per capita grow at the same rate at steady state, which is the growth rate of
technical progress, exogenously given.
We have also seen that neoclassical economists took advantage by the appearance of
the Solow model to argue against the Keynesian model of Harrod-Domar, in which the
capital-output ratio is constant and given an thus considered to be a special case. However, post-keynesian economists replied that it is conceptually vague to define a production function whose argument is the volume of capital when such a variable lacks a reliable unit of measure. Also, post-keynesians have argued that the negative equilibrium
relation between capital intensity and the profit rate cannot hold in general because of
the “reswitching of techniques” occurring whenever we consider heterogenous capital
goods produced with different capital-intensive techniques of production, a result that
seriously undermines neoclassical core assertions.
Finally, we have seen how neoclassicals treat technical progress as an endogenous
variable in the Romer’s model. Technical progress is the result of a direct investment by
entrepreneurs who employ capital, labour and knowledge to improve the existing level
of knowledge in order to apply the new discoveries to the production process. Current
knowledge may have a positive and also permanent effect on the production of new
“ideas”, whose result is to accelerate capital accumulation and yielding increasing returns to capital in the final-good producing sector.
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CONCLUSIONS
We presented three different approaches to the treatment of growth and technical
progress.
The first chapter was dedicated to the direct followers of Keynes and Kalecki, who is
very close to the latter. Post-keynesians emphasize the role of investment and/or income
distribution on the growth of output and on capital accumulation, which ultimately determines technical progress.
In the second chapter we presented an original model of technical progress determination by Dumènil and Lèvy based on the Marxian theory. Here innovation is treated as
a stochastic process and acts increasing the productivity of both capital and labour. New
techniques are adopted according to their profitability and describe a pattern over time.
According to how the technological pattern shows off it is possible to notice some trend
tendencies which more or less reflect Marx’s analysis of historical tendencies.
The model has a complex causation dynamics where innovation impacts on the profit
rate and vice versa, the profit rate affects capital accumulation and thus income, which
in turn affects technical progress as well. The results the authors got simulating the
model highlighted that the trend of capital productivity is path dependent on the labour
cost growth trajectory, so different innovation shocks matter in determining the actual
development direction.
Finally, in chapter three we presented and discussed the neoclassical growth theory;
in particular the Solow-Swan model and the Romer’s model of endogenous growth.
Both approaches are deeply rooted in the production function with capital, labour and
technology/knowledge as arguments. In Solow-Swan technical progress is exogenous
and it actually is the main engine of income per capita growth. In Romer it is the outcome of labour, capital and past knowledge applied to R&D activities.
We have also seen that neoclassical theory has been heavily criticized by postkeynesian economists in the so-called “Cambridge Capital Controversy” which put in
evidence the logical inconsistencies of the production-function framework, such as the
issue of the measurement of capital and the “reswitching” of techniques.
Apart from the formal differences between the models, the crucial divergence between the two schools of thought stands in the reliance or not in the self-adjusting forces
of market mechanism. Neoclassicals postulate that even though an economy can temporarily find itself on a situation of disequilibrium or unemployment, market forces will
bring the final outcome to an optimum. Further, demand and supply are almost two
sides of the same coin, with the latter determining the first, differences being only in
temporary imbalances.
For post-keynesian economists, instead, it is indeed the independence of the demand
schedule from the supply that makes it possible that disequilibria be permanent. In particular, investments are not necessarily linked to ex-ante individual acts of thrift (depending, for instance, on factors such as the profit rate and the capacity utilization rate)
and this means that even in the long run, demand-side factors do matter in determining
the income of the economy.
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